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I. iraOBUOTIOI 
Before 1918 aliiost all the work on the properties of 
ferpoMi®a«tie matorials was limited to poljcrystallln© 
e^ ai^ les.. lxp©i»i«enta had been performed using single erys-
tal®, but they were r®itriote-a to pyrrhotite and laagnetit©, 
which could be found in rather large natural single crystals» 
Sinoe 1918 single crystals of mny of the aiagn^ tio. eleaente 
have b®en Investigated, ©sp«@ially the transition elements# 
fhe aagnetis properties of th® rare ©arth compounds and 
metals have been inveatigated by r»ny workers using poly-
crystalline sp©eim«ns, and although single erystals of rare 
earth ooiapounds have been investigated, the published work 
does .not contain any studies of the magnetic properties of / 
th© aetallie, rare earth lingl© erystals# By the developAient 
of proees.ses for the separation of th© rare'earths <1) and 
for the preparation of th© »tals (2) at this laboratory, 
metallie rare earths of high pm»ity were imde available in 
stiffioient quantity to ptrmit growing single erystals of 
thes© metals* 
Several of th©'rars earth elements exhibit both ferro» 
magnetio and antiferroaagnetic states in appropriat® tempera-
tur© ranges# Of the rare ©arths for whinh.th© wagnetie 
properties have b®#n examined, dysprosium has on© of th© 
highest eritieal teiap#ratur©s (3), and therefor©, it was 
chosen a« on® of the single erystals to be examined in this 
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study.. Since the teehniques which were used to gfow th® 
single crystals of the rare earths w&re developed while 
working with neodyaituMji it also i« lfielu4©d in this investi­
gation, 
fh© jaagasiti© moment per graa of these elements was 
neastired m m fmotion of the i^ aghetio field at teaparatur®® 
from 4».2®E to 300®!* Aa intorpretatloa of the data for dys-
prosiw is given in terms of th® aoleemlar' fi®li th®ory by 
assuming that the htxagomal elote-paolted ttrmotur© of dys­
prosium Offia b« iivliei into two aiagaetle anblattio©®# 'Oa® 
sublattiee ecmtaiaiag alt ©mat© (0001) plaaes of .atoas, and 
th® other oiMposed of th© reaaiaitig (0001) planes# In thi-s 
laterpretmtlon a large f®rroaagii®tio soupllng is asstimei to 
exist betwoon seeond nearest nalghbori while th© eoupling 
between first nearest nslghbors is relatively weak* fhls 
weak eoupling between first .nearest neighbors ean be ferro« 
laagaetie or .aatlferroaagnetlo iepsniiag upon the tonperature. 
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li, ilfUM OP IiITEBAf®! 
Before pursuing the d«¥ei®pia©.nt of the moleeular fieM 
theory a® it applies to a hexagmal erystal, a brief simaary 
of th© emrrent forromgnetio itud antiferroaagiaetic theories 
will b® giT®n# 
la 1907 Weiss in attenpting to explain the 
origin of th® spontantomi aligaaeat of th® ffla'giaetlo Mounts 
of a fsrromagiietio material, postnlatei the ©xisteno® of an 
internal or moleeular field yaioh was proportional to th® 
magaetiaation. la or4®r to aooount for th® faet that a 
f©rroHiagn#ti<s mteritl eomli exist, in an apparent deaagnet-
ized Stat®, h® a®im©i that the naterial was eoKposod of 
small regions or ioiaains. fh# aagnetie moiaents within ©aeh 
do.maiii w©r® assiaa@-i by Weiss to b© parallel to th© preferred 
direction;of ,th# crystal, b«t th© orlantation in space of the 
magaetization of eaeh domain was .asaimei to be random, fh© 
origin of the molecmlar fl®ld mm not explained satisfaetorily 
• tmtil, th© adwat of qtiantna aeehaaies* H®is®nb®rg (5) showed 
that exchange effects would give ris© to a potential energy 
between two atoms i md J of the, form 
I'M 13 '- ' '2-1) 
where sj_ and i"j are th© spin angular momentma veetors of, the 
ith and Jth atoas in mits of h/2ii, h being PlBok'B constant* 
fh® exchange integral is given by Aeeorfllng to 
k 
H©is©nb®rg If th® e»haiige Imtegral la positlire, the jminimm 
energy ia realised when the spins ar© parallel giving ris© to 
fei»roaagiietic alignment, and convei»s©lj, if the exchange 
integral, is negative, th® nature of th© coupling b©tir©®n th© 
spins will be antifwroaagnetic. These «xehaiig« forces 
Mhleh lead to tht -ordarlng of the spins ar«, of ©oia»se, in 
eoiap@titioii with the themal motion ifeialch tenia to disorder 
the system* 
If the lioiifioatiotts to the elaasieal theory of Melss 
are made to tak© into aeeomt the quantm® a^ chanieal effeets, 
the magnetic aoment per atoa is given by th® BXpresBlon 
where gj is the Saaie g-factor for angular aoaentam 3, p.g th© 
Bohr imgneton, and Bj{y| i# th® Brillottin fuaotlon for angm-
lar TOoraeatwa S, deflaejl by th# ©jyr®S0ion 
In the above ©quatioa j « where p. » g#g-^ # % iS' 
the total effoetiv© fleM aotiwg on the atom# This field 
ineludes both th® internal Veiss field- and the ©xternally 
applied magnetic field* 
Itoy theories hav® he-en developed to treat order-disorder 
transitions of eooperative pheaoaena, of which ferro®ag.aetism 
a^v ® » C2.2) 
BrCy) a MHq 
2J 
l~eoth£. . (2.3 )• 
2# 2^  
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.and antif©rroaagaefclsa are typical exaajsles# Many of thes© 
theories otilj apply me^ - United ranges of tei^ eratiire* Th« 
B®th®-P#ie?ls approxlaation, liiieh is an approxiaatiofi which 
applies at high ttagjeratw-es, i«@.«i, teap©ratw©s mm* th® 
O3?d©r-di8oi»d©r t^ ansltioa tei^ eratiare,. h&s hem applied to a 
fewoaagnetic system hj p.# R«. Weiss (6) and to an aatiferpo-' 
magnetic system hf M C7)» fhia approxinatioa talc®s into 
aecouTit .sueoeisfully th® short Jpa»g« ©rdei» in ooa^ aplaon with 
the aoleeular field theorj which .disr.®gai*ds all s.ho:rt range 
ordei*, as will h® s©®ii la.t@i»« laderson (8) has p@iiit©d omt 
that th® B.eth@-P©i©f'l« appF©:Eiaa.tl©ii is invalid f&r teap©^ a-
tVL^ ma l®3s than the ©ri©i? of half th© eritioal temperature# 
fhia aakes this »thod an msatiafaetory approximtien to he 
us.®d in this studs' siao® th© transition froa antiferroiaag-
netisai to ferroaagaetisa in dyaprosim ooc-ors at about thre®-
tenths of th© eritical temperatwr©» Mo.r© r€!ee.ntly Smart (9) 
has. ®x;t©nded this theory to inolud# a sjstea co.ntaining two 
nonequifalent sets of wagnetio sites# 
fh« spin WAT© theory, Aiah was first developed and 
applied hy Bloeh (10), has b.een suaeessful in treating ferro-
magnetism at low temperatures* In this theory th# approach 
adopted is iomewhat aor® fimdaaontal than thf moleeialar 
field theory in that it attei^ jti to apply quantoa meehaales 
directly to pr#di©t th© properties of a ferro,auiignet# Mor© 
recently f@®saaii (11) and Imbo (12) hair© applied th® theory 
of spin wmma to aatiferronagnetisa. fhe spin theory 
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prediots for a cubic: s tone tare aa approacli to mgnetie satti-
ratloa linear In ®ie law has be©a fomd to-holi 
for gadoliaium bj llliot, I^ girold and Spectiiag (13), whereas 
nany of th© other ferroaaguetie • materials appear t© follow 
a law at low temperatures m • ioea ds-sprosliai. 
Marshall (II4.) reeeatly has diseussed th© spin waif® 
theory and has shown that•it is a rigorous theory in the 
limit of low t©!^ #rat«res for a ferroBagaet beeaus© th® 
ejtaet ground state is kaowi for the systen# Marshal (15) 
also points out, in an earlier paper, that the theory nmy 
not he valii for aa antiferroaagnet siiie# th© gromi states 
ha?® neirer te©©n rigorouslif Sttermined for am aiitlferroraag— 
jietie sjstea,*' 
Both the spin waf® • theorj mj& the B®the-Peierls approxi-
amtlon are vbXM' oT®r limitranges of tes^ erature, in eora-
parisoa to the .i»ol«eular field theory* i«hi©h oaa b© 6ippll®d 
to th© system in both the ordered state and paramagnetic 
state# ^ fhe molecular field theory will b® u.tllig®<i in this 
study m a basts for th© Interpretation of th© laagnetio prop­
erties of fiyaprosiuK# 
In 1932, feel (16) first'applied the molecular field 
theory to an antiferroaagaetic aystsa, H© adapted the origi­
nal idea of the'internal or Meiss aoleeular field to a system 
containing antiparallel atoaie itonents* Many workers inol^ -
ing ?an'fleck (17), Anderson Cl8), lagaaiya (19) and-^ mrt 
(20) ha-r© extended and refined the original ideas of l4el# 
r 
Uaing the aoleoular field theory, SMtrt (21) aui Eleoclc 
iZZ) h&v® studied transitioas from a ferroaagnetio to an 
antiferroraagne-ti© itat©» Ssapt (21) obtaiaed th® G-ibb's free 
©aergf bj evaluating th© entropy aad. then integrated th© 
entropy to obtain th© fi»-a© eaejpgy# Eloook (22) ha® crltioiEed 
Mart's aetho4, and given on© of his owa. H© obtain® the mo­
lecular field ©qaatioas bj ©valmating th® pai»titioii fmnotioh. 
Hon^ rlckioii (23) aaiag a ttehaiqiie si»il» to that of lloock 
haa obtaiuei th© aoleowlai*^  field ©quatioua for an si»bitriupy 
ralm of th© total angmlar immBtitvm J, ia ©omparlson to both 
Sa&jpt (21) mA llooek (22) #10 have stuiiei only the case for 
J = 1/2. All thre® inTsstigators find that th© aioleealar 
fiold eooffiolents mat b© ta^ eratwre dependent ia order 
that a tranaition from ferroimgnetisa to iuatlf©rroiaagn©ti®ia 
oim take plaoe. fh@ nolecular field ©qmatlons hme also b©ea 
studied bj dorter md l&aiitj#B C2i|.) for J » X/2* fh®ir ©qm-
tiong apply only at the absolwte aero of ttaperature, al­
though they are valid for any isagnitud© of th© external aag-
aotio field.. 
ieturaing now to th© question as to th© sign of th# 
exchang© integral, Z®a©r (25) has triei to shew that it is 
not aeeessary to asstme that the exchange integral must ch&ag® 
sign in order to aooomt for forroiaagiietiiim as is requiredi by 
th© Heiseaberg model* 2eii©r malntaina that th# iireet ex­
change between th© i shells of aijaoeat atoia® In th© transi­
tion elerasnts (the i|f shells in th© rare earths) ia such as 
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to favor an. antlfojproaagaetie allgMeiit of tlie spins of tli© 
s-abshells, and h© also mawmB that the spins of the ineoa-
plete d shells OP f shells ar© strongly coupled to th© spiai 
of the'©onduction eldctrons# fhls coupling between th© in-
eoaplete shells and th© oonductioa ®l®©trons is suoh that it 
tends to align the spins of the Incoaplete shells in a f®ri»o-
laagnetio mmmer* A sjstem is then ferpomagaetie if the 
indii^ ect coupliBg between unfilled shells and oonduction 
eleetfons is larger than the direct coupling between th©'m» 
filled shells of adjacent atoms, and likewise, the system 
will h© antiferromgaetic if th© direet coupliiig <lo®liiat©s 
OT®i? the iniireet o©uplii»g» 
Recent 1J Kasuja 126) using Zen®3*'s mofiel has oonsiderei 
th® ooupllng between the uaf illei shell electpoas md th© 
©oMuction eleetroas on a more rigorous basis, and he has 
been able to show under a oertain approxiaation that th© in­
direct ©oupling esn giir© rise to long range ©xehang© tjpe 
interaetiona between th® spins of the unfillad shells, and 
under oertain eonditions both f©rroaagnetlc and antiferromag-
netic states ©an b© realized# laauya (26} also finds that 
the temperature dependeno© of th© magneti­
zation of f©rroraagnetisia applies not only at low tea^ eratures 
but also at high temperatur@s. 
froffibe (27), in examining the magnetic properties of 
dysprositaa, finds it to hair© an anomalous peak in the mag­
netic susceptibility near 179®K. He alio discovered 
9 
dysprosium to b© ferromagnetic below 85®S», aad between 85® 
and 179*K h© reports djsprosim to be aatiferroraagiietic# 
In a'more recent paper, fro^ e (3)- has stimafiirlsed tlie data 
of djsprosim and reports that it followtf a Curie-Welis 
law fr©a 250® to ?50®K, ffiad b^ twata 179® and 250®K 1/^  
departs' somewhat from this law# The paraaiagjaeti© Curl© te»-
peratmre reported by froids# is 157'®1 with a imgn^ tle raoment 
wMcht Borrtsponds to 10»6i|. Bohr iaagnetons» Below 179®K hB 
finds that the,initial suseeptitollity passes through a 
aiaiaffitt at approxiaatelj 160®1 before in®rea@ing to a very 
large valm© as th« antiferroimgii^ tic to f©rroiiagii,©tie transi­
tion is approaohed. 
Elliott, LegTold, and Speddlng (28) hav® ooiifir®ed 
Troabe's findings and hav© «xtended th© measurements to high­
er fflagaetic fields aad to low«r temperatiares* fhe spe©ifio 
heat as a fuaotion of teaperature was .measured f®r djgprosim 
hj Or iff el, SJcochdepol# a»d Sp®dding (29) • fhef rep©rt that 
the speaifie h®at shows two peaks, on© at 83#5'®! and th® 
other at 1714.®!, the latter being aach larger than the foraer, 
indieating that iTIf®! is th# t«»iperatiar© at whieh the order­
ing of the apins takes pla-©e» fhes© peaks in th© heat capae-
itj do not have th©.lr origin in. ©rystallln© phas® transi­
tions sines dysprositia is hemgoaal elose-paeked thromghout 
the tei^ eratur© r&ag# froa i|.0® to 300®! as shoim hy Banister, 
Legvold and Speddlng (30)« 
10 
Henirickson (23) aad Heel (31) iiidepeiii©»tlj lia^ e given 
an. Interpretation of the nagnetic proferti®s of dysprosiiaa 
in whiola they assme that th® angmlai* aomentua vectors are 
aligned along the OQ SLXis of the ii©:Kagoiiittl elose-paeked 
stmetmi'® in zero aagnetio fieli# fh^ j msmne, m is pos­
tulated in this infestlgation, that the mtoms of djspposixm 
can he 4ivii@d into two sublattie^ s, en© smblattioe eompoaed 
of alternate -(0001) planes of ato»s while the oth©i» sutolat-
tie© contains the resainlag (0001) planes &t atoms. Both 
Heiwiriekson (23) and l6©l (31) a**© able to explain quali-
tatifely th© sharp rise of th© fflBgnetic moment with magnetic 
field, wtiieh was observed tor polyopfstalliae dyspi*o0laia by 
fyofflb© (3) hj ElliottL©gvoM and SpeMing (28) hf the 
phenomenon of "spin flop" as deser-ibed hj lagaraiya, Yosida 
and lubo (32) in their review artiol© and by.Pouli® an<l • 
G-orter (33 )• 
Th® imgaetio suseeptlbility of polyorystalliae aeodymi-
ura has been aeasiired by El©iroi and Bomer (3i|.)» ®Poabe (35) 
and Elliott, 'Iiegvoli and Speeding' (36). The aeasureaents of 
Hem and BoM®r (3I|.) indioat® that neodyaimi obeys the Curie-
Weiss law over the tenperatiir© rmng© 90® to 292:®K# with a 
magnetic moment i*Ailoh corresponds to 3*^ >5 Bohr inagnetons. 
The data of frorabe (35) tor teiaperaturea from 77® to 297®! 
show a discotttimity ia th© slop© of 1/x j»* temperatur® 
at approxinately 110®K, where "x is th© aagnetio sttseepti-
bility. For temperatiires abov© 110®K th© ©ffeetiv© aagnetie 
11 
moment reported was 3 •59 Bolir a&gaetons, and the mftgsetlc 
laoaent, deteralned from the data below 110®K, eorresponded 
to 2#08 Bohr aagnetoas. 
The result® of llllott, Juegirold and Speddlag (36) 
exhibited also the dlseoatirattitj in th© slope of 1/x H* 
f which they fomd mm lii5®K. The «ff«©tlT© 
aagnetie »o*ent *boir« 1%5®I was 3•68 Bohr aagaetoas, and 
below li|S®l the observed aagaetie aom^ at eorrespondod to 
3ti|.8 Bohr Magnetons# Th® nagaetio susceptibility laoasur®-
aiftnts were earritd to lower tomperatiares by Elliott, Iiogvold 
and Spedding C36), At which was th© lowest teapera-
tur® at liiloh Masur©ii®»ts were Md©, th«y found that the 
aagnetic 3use«ptibllity was field dependent, th« ausoepti-
bllity decroasing as th© magmetle field wm. increased. 
fhobura and Ihodes (37) have carried the raeasweaents 
down to i|.#2®K maing a polyorystalline sampl® of neodymiiai, 
and th®y have found that the aagnetle Moamt inereases 
linearly with the iiaga®tic field to approj!laat©ly 7,000' 
oersteds, where the aagaetie aoaent rises rapidly with th® 
mgnetio field# This behavior of the magnetie moment of 
aeodyaiua at l},.2®K is very siailar to that of dysprosiim in 
th® aatif®rroiaagn«ti© teaporattire raiog©. 
•Parklnaon, Siaon and Speddiag (38) have measurod th© 
ho&t oapaelty of fieodyisi-uta over the temperatiar® rang© 2® to 
160®K. They find two p#aks in th@ spoeific heat as a fimo-
tion of toa^ eratiire, one at approximately 8®i: and th© other 
in the neighborhood of 19*K» 
IZ 
III. MMMIALS 
In this study aeasTaremtats were lad® on fow single 
crystals, t*o eryst&ls e&oh.Qf neodysaiiim aad dysprosium, fh© 
convention wkich will b@ msei to identify these ©rystals ia 
gi^ en in Ghapter ¥, and It will s^ uffid® h®!?# to report the 
piirities of th© crystals as determined by speetroscopie anal­
ysis in teras of thia eoii'«'©iitloii» The laaterial, which was 
used for th© analysis of the various crystals, was taken frora 
a regiom of the buH: metal adjaoeat to th® »®etloa eontaining 
the single erystal* 
Since th© two neoiyaiu® cryitals were obtained from 
neighboring regions of the bmlk aetal, only on© spectro-
seopio analysis was ©btain@d. fhe analysis of th© two n®o~ 
dymium «ingl© eryatals Md SOI and Id SG2 is th© following s 
Si, 0.1^ } Oa, d@t®etabl® bmt less than 0.03^ | P® and ^  de­
tectable but less than O.Ol^ j Pr, 'Sm* Ta and Cr not detected. 
fhe rather large amount of Si reported was probably 
introduced by the method of , osKidissing the metal which was 
used in preparing th© sample for aaalysia. 
The first dysprosiuia single crystal, Dy SC2,, ahowed the 
following inpuritiesi Si, detectable but less than 0*03ji'i 
Fe, 0,06^ j Mg, detectable but leas than 0%Q3%i Cr detectable 
but lets than 0*008^ | t detectable but less than 0*02^ r Er 
and Ho, detectable but less than 0#Q5f«i 5a,' 0«25^ l Ca, 
Yb, 6d, and 'fm not detected# 
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The seeoad single crystal of c3jsprosim, Dy SC3f showed 
th@ same analysis as Dy SC£ except for tant&lm wMeh wa« re~ 
ported to be fhe trme aaotmt of i^ iaritj is within 
t $0^  of the amount reported above. 
fh© large aiaomt of tantal^ ia impurity in the dysprosium 
was introdmeei by th® taatalura eruoible wMoh wm used In th® 
growing of the single crystals* Dysprosium and several of 
the other rare ©arths having high melting points tend to 
alloy with th®'tantalua eruelble Mh®n they ar© heated to 
their melting points. 
III. 
I?. EXPEHMlfAL APPARATUS 
The ©leetroiaagnefc MMOII was used to produe© the magnetio 
fields required for tMs in¥©stlgation was a 20 kw Weiss-tjp® 
MagMt# Saeksaith type pel® tips wer« d@sign®<i by Elliott 
{39), and aodifi-ed r®e©atlj by Tiiobmrn (U.0) to giire a unifowa 
T©rtieal gradient ov«r a larger region of the air gap. The 
magnetic field eoald be variei from 0 to a -laaximum fi®ld of 
18,000 oersteds, wMl© th® gradient varied from 0 to 550 
oersteds per era. The ourrent wm supplied by a system of two 
»otor-gen«rfttor s«ts, tb®,larger of the two supplying th® 
current for the ©leotrow«gn«t and the other producing the 
nectsaary current for the field of th© large generator. The 
field current of the smll generator was supplied by a cur­
rent regulator. Th® electromagnet was oil oooled, the oil 
being cooled by passing it throiigh a water cooled heat ex-' 
changer# 
The magnetic forces aeting on th© aaiapl® were obtained 
by weighing with a foland Speedigraa Analytical Balance. The 
lefthand pan of the balance was replaced by a mechanisw which 
would allow rotation about a vertical axi® through the sample. 
This fflad® it possible to ohang® the orientation of the single 
crystalline saa^ le with respect to the magnetic field. The 
mechanisii consisted of a set of horizontal vanes, which were 
rigidly attached to the vertical rod, and four very fin® 
horizontal chains connecting the vane to a circular brass 
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plate, ffe.® bra®s plat©-was divided by radial marks into 
360®, and therefore, the iiagl® erjatal eould b® rotated 
through anj desired angle about a vertieal axis hf ii©relj 
rotating th© bras-s soal©# 
fhe siagle ©r^ -stal was 0©a#nt®d to a 1/8 iii©h diaia®t©r 
copper pin while the crystal was aotmted oa th® x-ray ina-
chin®. With this proeedur© the.eofper pin was parallel to 
on® of the prineipal ©rystall©graphic axes. Duoo eemant 
with a lajer of ootton eloth botween th® sampl® and pin was 
used to oeawat th© siitgl® ©rystal to th® copper pia.' B@-
eause th® erjstal womld aot adh®r® well to th© ©opper at low 
t®if>©ratur©s due to the differtne® in th© eooffieieats of 
ftxpansion of. th© rare ©»th aetal and th© eopp®r, it was 
fotmd neeossarj to introdme© this eottoa oloth in order to 
miniaiize the differential expansion. After oeaaating th© 
crystals on eopp®r pins, thef were ffloimted in a oopp®r sample 
holder which in turn was attached to a 3mm diaMoter quartss 
rod. fh® quartg rod ampplled a rigid ©onnaction between the 
brass plate and th® single erjatal. 
Sins© tho -sample md®r th© inflneaee of th© magnetie 
f^leld was not @®lf oentering, a ievio® designed and built by 
®iobta*n (l|.0) of tMs laboratory »as used to eenter the saa-
ple. It th© bottom of the sample holder, a 2OTi dis«et®r 
oopptr pin Mas located which fit into a stationary well, 
thus e«ntering the Bm^le holder. Aaj fri#tion to vertieal 
aotioa was eliainated by ii»t©r driven •*wiggler*' #iich 
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prevented th.© ooppei? pin from resting against th® sid© of 
this w@ll» 
®i« tei^ erature of the saaple was eoatrollei, for tem­
peratures abOT# 22®'l, by lie&tlag th® gas wMeii flowed past 
th® sai^ l©# 'fhe rate of gas flow was eontrollei by & heater, 
or boiler, located in th© bottom of a splierioal d®war con­
taining liquid nitrogen or iiydrogen# ¥lth liquid hydrogen 
in th© 'dewaj', teaperaturea froa 35®K to 120®! eouli b® 
obtained, and teuiperatur'®« from 100®K to 30©®K were produced 
by usiiig liquii nitrogen# fh® teaperature was ieteriaiaei 
by »eans of a oopper-eoastaatan tharaoeoupl® t^ ioh was call-* 
bratei agalast a stafidnri platinum resitano® theraomoter. 
la order to prodmo© teap©r&tur®s b«low 22®K, tht# sample 
wa® iaraerasi direetly in liquid hydrogea or liquid helium, 
ooiitained in a dewar desigtt^ d for this purpose. Corrections 
w«r© aad© for th® ehang© in th® buoyaat foroe produced by 
th® droppiiig of th© liquid leTel in the dewar. 'Since ao pro-
vialon was imd© for pumping on the liquid hydrogen or liquid 
helium, the only two 't@^ eratures whieh could be obtained 
below 22®K w®r© 20*I|.®1 and 
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¥• mmm OP .PROGBDIUS 
A* Preparation of the Slagl® Sri'Stali 
ffar®e aetiiQds were tried In grswing single erystals 
of til® rare ©arth netals# 4 metliocl of r®®rystaillgatloa 
after eoli working, siailar t© that used toy Oarpenter 
was tried with aeodjaiiM# A r©i. of ii«diyaim l/l|. of an 
ineh in diaaeter aad 2 imhm long was strainei imier ten­
sion to prodmee aa ©longatioa ©f 3 After aaaeaXiag 
th® rod at a tei^ sratmr© of 75Q®G and ©tehlng with 1/10^  
aitrie aeld in absolmt® aleohol, th@ airerage grain size 
was found to h® approximately l/50 of iiieh. Although 
th# averag® gralri sis® wa® not ietermined before the saa^ jl© 
was strained due to the @©li worked aatur® of th® surfao©, 
it was felt that this method would not protae© a larga siii~ 
gl®' orystal, not oalj b«©aus® ef the swmll grmln siz® but 
also beoause ©f th® temdensj of hexagonal ©los©-»pa©ke<a and 
faee-e®nt©r6d oubio a#tala to fora aim$aliag twins upon 
reorystalliaatlon {I|2 p^ »7$)» 
A  iiethod similar to, that of Ggoohralski ( k 3 )  was uaed 
ia attei^ ts to grow siagl© erystals of neo4jmlmm md ©rbium. 
Figure 1 shows 'th® furnso® whieh la sinllar to this on® used 
with this method* A sh©«t aetal tantalum eruclbl© 1/2 ineh 
in iiaaoter ©ontai,aiiig the rar# ©arth a®tal located in' the 
furnaee was heated to a teaperature several degrees ceati-
grai©•above the aelting point of th« saa^ le* A $0 mil 
Pigw© 1. fhe furnae© whioh. was used In th«' growing- of 
the single crystals., ani. th« tantalum eruelble 
shoMlag its eonitruotion. 
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tantalum w1p@ was incaersed in the molten rare eartii lattal 
and then slowly witliiram pmliing a oolusm of the ©rjstal-
lizei metal from th® atelt# Although a eolum of metal 
inches long ooiild b© pmlled fpom th® melt, neither 
the neodymltw noi* th© ©rbiiiii yois prep&ed. hj this aethoi 
©ontalaea single ©pystsls of a^ ficieat siz® to b® aa#d in 
makifig tha aagnetic ms&swpemsntsm 
Tt@ last methoi deaeribei here, alth©«gh th© seeoai 
Method atteapted in th© inTSStigation, yitlAed^  th® larg«it 
singl© opyatals of ttie ti:r«e methois tried# &i« method, 
first used hj Bridgaon w&s used to g^ @» a singl® 
cpystftl of neodyaiiaii* fh® neoiymiwii, which weighed Approxl" 
aately 50 gm^  was contained in a cyliadrieal ertioihle hav­
ing a conical bottom ami® from 2.5 ail tantalum sheet* fh® 
furaaee ms©d is shorn in Figwr© 1» ®b.® tei'tieal f oi was 
ii®®d to low©!' th© ©raelble out tlwoiigh the bottom of the 
fwaae## fh® wilting of th« a®odyai.m ani suhsequent 
growth of th© single epystal were perforaei in a ¥aemMJa of 
2:s:10"*^ Ma of a^ i^ .eiary of better# Sie ©rtieitole was lowered 
throiigh th© fwrnae© at a rate of 1»2 iaehes per howPm fh® 
taiitalm ©rucihl© was rt&aoved f?oa th® • aeo4yaiiim hy filing, 
said th© nm&jmlma was th©ii ©tehed in & aolatioa of l/lC^  
i 
nitrie aeid in absolute alcohol*. ^ Althoiigh th® ii#o#y»iti« 
eontaiaed mmj grains, aoise wwe of siaffl®l®iit size to allow 
th« removal of two siaagl© erystals on® weighing »20l|li. g» 
and the other w#ighiiig *3035 ga» fhes® two asodyM-tm 
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singl® orystals will be called Nd SGI and Id 3G2 respectiv©-
Ij* Th© two crystals were eut from th© bmlk of the ueodyiii-
ua with the aid of a jewel#r*s saWj and It should be men-
ttoned h#re that slnee neodyaim and the rare earths in 
general are soft metals, great care amst b® exeraised in 
cutting and hanaiing th® orystal®. In., ori®r to reaov© the 
coli worked s«rfaG©s pro^ uoed by..the sawing,' th# crystals 
M@re etched in th© etching r®ag@nt fiegcrlbed above# 
Hie aiagl® crystals of dysprosium w®r® also growi using 
the Brldgman Cl|l|.) teohniqme* Sine© iysproslu® is very vola­
tile at its Melting point of 1530®C, all operations at this 
temperature were performed in aa atiaospher® of purified 
argon* Th© argon was olrsulated from th# furnace ©.haMjer 
to a gas purifier by a diaphragm.... type eoipressor and then 
returned to the fiirnaoe ehaifijer. •The argon purifier con­
sisted of a, stainless steel tub®, ©ontaining turnings from an 
alloy of 10^  aagnesiua and 90*^  ealclm ml»d with pyrex wool 
heated to a te^ eratur© of 1|50®G» 
'In Figure 1 the orueible.is shown whioh eontained the 
dyaproeiua. The bottoa portion of .^ the erueibl# was made 
from a solid tantalum rod, whereas the top was oonatructed 
of 20 mil tantalum tubing, tte two seetiona were electric 
are welded to gether in an atmosphere of helium. 
The rate at iifetioh th® dyaprosium wa® lowered through 
the furnaee was the same as that for neodymium, namely 1.2 
inehes per hou^ *. three single crystals were out from 
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dysprosium aftei? th# reaoval of the crucible• lli# first 
crystal Dy SGI was too small to be us®d in making th© nag-
net ie aeaswementa# fhe seeoiwl crystal By SG2 weigh©'*! 
•5338 ga, and the thirii single crystal Dy SC3 weighed ap­
proximately #2 ga. Tim «tehing reagent whioh was us©i for 
dysprosim was a solution ©f 1^ .0^  ©oneentrated nitrie aeid 
in 60% glaeial aeetie aeid« 
B. Prtparatioa of th® Metal Single Crystals 
for th@ Magnetic Ifeastirea^ ata 
leodymi\aa is a hexagonal ©lose-paekei metal with a 
sequence of abac along the e© axis as ahowa by Herriaaim i k S ) »  
^^ ©reas dysprosima, although hexagonal eloss-paoked, has an 
ab s©qti®aee along th© O q  axis aa iettrainoi by E B r r m a x m  i k $ )  •  
In this imrestlgatlon th© priaeipal crystallographic 
axes M®r© loeatei by th® baek-refl@etion Ijtm® »©thod» Fig­
ure 2 is a reprotootion of a ^ba©k»r®fl®©tioii fila for 
dyaprosiua# in this film th© x:-ray beam was parallel to a 
0001 direetion of th® hexagonal olo»®-paok©d atruet«r® 
of dysprosiuH* lftifllt®r«d »olybd«n«« radiation was us#d, 
ani th© distano© from th# sample to the fila was 3 Mai­
lt is ieairabl© when making mgn«tio a®a«iirainents on a 
material which has a large imgnetis aoraent to be abl® to cal-
omlat© the d®fflagn®tising faetor. Since this ean be calcu­
lated for spheres tni for ellipsoids, th® single crystal Dy 
SG3 was ground into a sphere by using th® following methods. 
Figui*© 2. A reprodu#tion of a ba©k-refle©tion tau© film 
for djspresiiia, fch® x-raj beam b©ii:^  parallel 
t© the 0.0 SiXlM of tile hexagonal ©lose-paeked 
.gtrmotup® of djsprosiuai., Shflitered aolybiemaa 
radiation was used aai tii® distunee from the 
singl® erystal to the film being 3 em# 
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A iipher© grlMep was ©onstraefced, ^ Ich was similar to. 
one ^ mcrihed hj Bond Cl|i>)« fhe aphep© gFiaiei? oonslsted 
of a oylinfirical chaafcer witli renoveble enis mA laa¥ing a 
small hole ©ntefing the ehaaft>®r tangential to th© aurfaee 
of the cylinder through whloh hslitua gas eomli enter imder 
pr©aaui*©» Th© crystal to b© »ad® spherieal was pla©«d in 
th© ehiiKto®r, and a Jet of h®lim @nt®riag through th® saall 
hole eatii,©^  the crystal to roll on th© ©ylinirieal starfac© 
which hai heen lined with m ahrasi're pap-er# fh© grinding 
was carried, out at liquid nitrogen te^ er&ture to reduo© the 
amoimt of ©old working. It was fomi thaf' although this 
laothod coul^  remove th© oorners arwi edge® of a 1/8 inch e«b© 
of dysproaiua in about l6 hours, th® resulting erjstal was 
far froa spherical* A second method uiod by l&fiiari®s was 
ms@t to grind th® crystal into « sphor© having a diameter of 
• 1075 • •0003 inehos. The orystal, "y^ eh. had toe®ii ooated 
with #I|.00 abrasive, was eaught between th® ©Ms of two 1/8 
inch diiaaater eopper tubes„ the two tube® being rotated with 
respect to one another and worked baek and forth by hand* 
fhia aethod is desoribed by Bond {l|.7)» Th# tis© required 
was approxiaately two hours to grind th® erystal into, a 
iphere# fh© spherieal erystal was then etched to remove the 
oold worked surfaee with the ssua© etehing reagent already 
detoribed* 
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e. Method of Measiw©n®at 
tte Magnetic moaents of tto.® single crystals w®?© d®-
t@r*lii..©i by Measuring the aagaetie fere© ©x®rt®d on tJa® 
erystal by a aagaetio field MTing a feptieal gradisnt# fh© 
magnitude of this force is giTen by tlie ©quation,. 
p a a (riff (5.1) 
g ds 
®^re F,. a, CT, 5S, aM g are respeetively th® magnetic 
A% 
fore© in grams, the mas of the sample in gr&as, the magnet­
ic aoment per graa, the vertie&l magnetic field gradient in 
oersteds per eentiaeter, and th® aeeeleration due to gra¥ity 
in e«iitiB»t®rs per sqmar© sftcond.. 
Ill ths data tBlmn in this investigation were isotherms, 
that is th© aagnetie foroea were, obssrved as a fmction of 
the aa^ etle 'fields at a eonatant tesijeratiir®* 'For both 
neodiadtm and dysprosiim, isotherms were taken over th© tem­
perature rang© from to room teinperatur® „for the external 
nagmetie fields parallel to the tire® prineipal iiagni.®tio bx@b 
of the b®xagonal jstriiottir#®. 
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¥1. . fREAfMBIT QP THE BITA 
magaetie »os@nt per grmm (5"g smn he obtained fi»oa 
lq,wtation {5*1) toy solving f©i» cTg to giv© 
o"„ : . (6.1) 
® a ai 
.g 
fhe amgnetizing field 1 was ©l5taln#d fi*o» th© relation 
1 « % - »I , (6,.2) 
wlaei*« is th® raagiietiaing field, I th® iefimgnBtizing fae-
top, aJid t the nmgnetlisation pep otttolc eentiaetep. Th© 
relation b©tw®eja cT™ aai I is O 
I » (5"g i , C6.3) 
where a is the density ©f the sample la grams per cuble 
e©ntiiaeter» For modynltia th® mine of I iitiieh was used 
throijghoiat th# oalemlatioas wa@ lp/3, whl©h la th© ieraagnet-
iziag factor for a sphere# ffh© denmgnetisiag faetor whieh 
was used for the dyspro®lxira single crystal Oy #2 was also 
lm/3» Magnetic a^ asareaente wer® made on this orystal only 
in the paramgnetie teajjerature rang©* 
'Banister, .IiegvoM and Speiding (30) have investigated 
th© structm*© of dysproilTim fro® 50®1 to room tea^ eratur© and 
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find that ifspx'oslm Is hexagonal el©s@-p.aolce€. fh.@j also 
flM that, 'i^ lle tli# lattiee eonst&nt a^ , Tarl©» llaoafly with 
teoperature, aa a funotion of tenperature ehanges slop© 
napkeflly at approxlmatelj 190®1» la T1©W of this. If a siti-
gl© ei^ jst&l of 'ijsproalmi Is groimd spherleal at r©o» teu^  
peratw®,. It will no longer to© a sphere at teap®i*)8twes 
below WQ*Kf. but i»atht®r it will b© an ©llipsoli of rairolmtlon 
with, th© a^ is of sywetry th@ axis* Proa the data of 
Banlsteu'laM fronto© and Fo«x {I4.8) - the irai*latlon of tb® densi­
ty with teHp«.ratia»@ was fom€» Pigtij?-e J 1® a plot of th@ 
iemgnetiislag faet^ oi^  I awltiplied by the density i vf# tea-
peratyre taking Into aecoimt the neeessary eorreotloas for 
dij^ eetloaa parallel and p«i»peadieiilai' to the Oq axla of a 
iyspposim lingl® 0i»y®tal, leftj the rooa tei!|j®i»atw© density 
of th© single ©rystal was taken to be. the aeasuipei density of 
8«55 m 
In th© pai*aiiagii©tl# regioas .of both of the ©l©ia©nts 
studied, plots of 3L//^ g m* t©i^ ©rature vmrm i«ade, 
Is the -sua'Cseptibllity per grajs defined by the equation 
In general at smfficiently high temperatwes, the SMS-
oeptibllity will follow th© G'i»»ie-M©lss relation 
Xg » Gg/{f-4) C6*5) 
Flgiap© 3« Tlae e^aagaetlzlng- factor 1 times the densitj pletted ag&isst 
te-i^ erature* fb.® e^imgnetizlng fl©M fi« is equal to Jfei times 
thm magnetle »©m©nt per graa. fh© magnltizing field is giirea 
by Iqitation C6»2) • 
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Gg ia tbe Owle eonstant pet* gram,., f tto.e _atosolut® tem­
per at we, md the paraiaagaetle Cwl© t««p«patw©» If 
Equation (6#5) is i«tlfclfli'©i hj the molectilar weight M, it 
beeoaes 
Mh®i»© is the susceptibility of on© aoleeulai' weight, 
and i$ th® Oiai»l© ©on® taut per iiol. 
fhe theory of tmngmin. ahowa t.hat the susceptibility 
pel!* fflol San b© written as 
* (6«»7) 
wh©jp© Iq is ATogalti»o*s nm^ &Tf the aaga@tle »offl®at p&r 
atoa, and k is Boltman** eonstaat* fhe »agii«tie moment p®r 
atoa is eoiiTeiiieiitly ®xpream4 m th© ®ff©otiv« laiffltoer of 
Bohr magnetons p®r atom by 
/ste 
l^ eff « « 
fB \ Vl / 
1/2 (6.8) 
- 2-WOmol • 
la the squat ion abot®, |ig it. the Bohr ^ m^gnetoa# 
In the ferroaagaetlc and antiferromagnetle tei^ ®i»atur'e 
range®, th« magiiotic moment per gram <5^  is plotted .against 
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the amgnetlsing fleli H. Ffoa these graphs the isof 1®W 
data &r® obtainei smi exhibited as tli® magaetio laoaeat va« 
tei^ erature, f or eonstant fielis# 
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¥11. gXPS!I®»mL RlSULfS 
A. 
fh# aagnetie H»o®«at as a fmotion of th® aagnetie 
fl#M wa® a©mstaa?©i two siogle erjstals aeoifaitm 
oirer the te^ eratta*® range t© 280®E. Sine© both of 
thes® ei*ystals exhibited idsntieal laagnetic properties, no 
©ff'Ort will b© nmde to diiitingmish b#tw@«n th© two erystals 
In reporting th© data# figw®s Ij. md 5 sh©w som® of th© 
isotherms obtaintd ia th® t©af>#ratm»© rang# for whieh ii®o-
dyaium is paf'aamgiietie# fh© aagnetie aomtnt was m@mwp&^  
with the external angnetie fi©M parallel'aad p®rp@niieular 
to th© GQ axis of th® hexagonal nifody«i«a erfttal* 
A e«r«ful attest wm« a&i© to' l©<ik f©r th® ©ffeeta of 
aaisotropy in tli© basal plan®# fhis ®tmiy was earried out 
at two tei^ eratures .ajii 160®K, mA at both t#ji|>©ra-
twes the aagiietie m&mnt for a gi^ ea nagnetio field was 
foiiati to be withia of th© averag® aagneti© moment for 
three different direetions of the wagaetio field, th® ttee® 
directions being a <211Q> <l§To> -aai th© third iireotion 
raJEiisg equal Miglea of IS® with a <2110 > aai <1010 > . ' 
fh© magaetie moweut is a liii«ar ftmotioa of th® mag-
aetio fi®M for •uaoipsiias ©x®«pt for th® 20.I|.® ami l4.#2®I 
isotherms, fh® 20#I|.®E i®©th«r» shows a slight ourvatta'® for 
the aagn®tlo field both parallel and perpendiemlar to th® e© 
axis*' 
10 20.4 "K 
• [OOOl] i TO H 
A [OOOl] II TO H 
5 
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Figure I4.. Several isotherms in the low paramagnetic tengjerature range for neodymitua 
with the field parallel and perpendicular to the OQ axis. 
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Figure Several isotherms in the high pSLramagnetic tei^erature range for 
neodymitjia with the field parallel and perpendicular to the axis. 
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Flgme 6 shows the isotherms obtaiae-d at fhe 
iireetlon •©£ the aagneti© fisM in relation to the^  crjatal-
liae m@9 Is ahonn in th© figmre#, fh© iir«eti©n labelled i© 
is eontaiaed ia th® plan© which is d©fin.®«i toy th® Coool] 
dirootioa and any &m of the ^lllO'>, ili»@©ti©ii8, iai AQ 
makes an angle with the [OOOl] il^ peetion of I|.0 t 5®. Th® 
airectiou &Q is a position of tiastahl® «QttilihJ?itia as de­
fined below. 
If th© orystal is rotated about a veptieml axis, th© 
mgnetio field being horizontal, for eertaia rotational posi­
tions of the crystal it will b® in stable or imstable rota-
* 
tional ©qtiilibrim iepen^ ing upon the relation b©tM®@n the 
displaoewent from the position of equilibria and th® torqu®. 
If the torqu©- on the crystal is such that it tends to rotat® 
th© crystal in a direction whieh is.oppoait© to its di®-
plaeeiaent from .the ejiuilibriiaa point, the ©tmilibriua will 
be a stable,one, mA llk@wise, if th© torque t®a«i8 to rotate 
the -crystal in the sam© iir#otion as th® dis|jlao©a©iit, th® 
eqttilibriwi' is , th®» mstabl«» 
In Pigtir© 7 th® reeiproeal of aagmetie .sua-
O 
oaptibility is p.lottei as a fanotion of teapar.atwe .for the 
laagnetio fiolifl parallel and perpondieular to th© axis of 
naoiyMim# 
1, Dysproiiiaa 
• Ea aeasnriiig. the mgaetio moment per gram as a funetioa 
of the nagnetio field and t©,i^ erattire, two single crystals 
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Figure 6, The magnetic moBient of neodpaium at with the field directed alone 
various directions in the crystal. 
\ 
24: 
2Z 
20 
(8 
16 
14 
12 
10 
8 
6 
4 
2 
O 
rAr» 
•[0001] X TO H 
*[0001] li TO H 
" T+17 
•^ 01, i#. 
20 40 60 80 100 120 140 160 180 200 220 240 260 280 0 
TEMPERATURE "K 
smaeeptibility TS. te^erature for neodymiiaia with the field 
and perpendicular to the e© axis. 
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of iyspFOsiMffli were uiea* fh© simll apliepioal eryital SC3 
was used for all til® low teaperattmre neasweaent'a up to 200®K, 
and on the larger erystal B02 ai>asw©ii®at« wer© made fro® 
180®K to room t©ap©rature« ®i® data IMlcat® that tli© two 
©rjstals were identleal magaetisallf as Jmdged by oOKparing 
a® astir ©meats aad® in th« te^ eratur© rang® 100® to 200®IC« lo 
effort will be nad® to distiagmisli between tlie two ©rystals 
in presentiag th© data exeapt lath© appendieas. 
Pigwas 6 to ll|, iaelmsiva ahow th© aagnetization ctsrvas 
obtainad for dysproaim iiitoaii tha laagaatia fiald is parallal 
to th© three arystalline diraetions '^ 1120> , <'loTo> aad 
foool] for taffl|}©ratur©® balew th® leal tai^ aratmra# It 
can ba aean from Pigmra 8 that th© easy diraation of 'liagiiati-* 
zation Ctha erystallima diraetion alraig whieh the aiigul.ar 
momantua Taetors are alignad in zero magnetic fiald) is a 
4M*» 
< 1120 > diraatioa# For tenparatures above 110®!: tha laag-
nati^ ation ©t»ves for tha <'1120> and <1010> baeoaa 
idantieal, indicating that tha aniiotropy ia the basal plane 
baeoaes Tary small if not zero* Figiara li|. shows in detail 
the low field nmgaetiisation eiirvas whan th© iiagjaati© field 
ia parallel to a <1120 > diraetioBi. 
Wiaa tha a&gnatle fiald is parallal to tha [OOOlJ.• 
diraation. Figure 13., tha aagaatie aomant is a linaar fma-
tion of tha sagnatia fiald, .and tha ralativaly saall aoaant 
prodmead by a larga aagnatis fiald indiaatas that dysprosium 
is fflagnatiaally vary hard along tha a© axis* 
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Plgiare 8* Several isothe3?ias In the ferromagnetle range of dysprosiiam. 
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Figure 9« Isotherms in the ^ tiferroiaagnetic range of dysprosiiim with the field 
parallel to a '<1120>' direction. 
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Figure 10. Isotherms in the antiferromagnetic raage of dysprosixim with the 
field parallel to a <1010 •>" direction. 
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Figure 11. Isotherms in thejantiferromagnetie range of dysprosiiim with the field 
parallel to a <1120>direction. 
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Plgxire 12. Isotherms in the antiferromagnetic range of dysprosiim with the field 
parallel to a -^lOlO^ direction. 
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Isotherma below the Feel teaperature for dysprosiTam with the field 
parallel to the CQ axis. 
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Pigiare ll}.. An enlarged plot of the "low field region of Pigiare 9« 
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fhe sattMpatlon .laagaotlo aoment at absolmt#-zero c^oQ 
was ietemined by plotting, v®» l/& syrii extrapolating to 
l/E » 0, Figur# 15• intereept at 1/1 * 0 is th@ satwa-
tion fflagnotlo aoaeat  ^for infijaite fields at a givon 
temperatijre f # • Figtir® l6 .shows the saturation aoaont  ^
plotto'd aa a fuaotion of ami ;®h© i&shed oiarvo-was 
obtained by usihg th© spojitaiaeous fflagnotizatlon whioh 
is fotmi by extrapolating to H « 0# falm«s of 
and Q^j ar® tabulated in Appondix B# Cysproiium i^ aars 
to .follow a. T^ - law aai not a law. 
I 
!ai© saturation aagnotio aoiasnt at.absolute zero was 
founi to be 35^ »S o»g#8« tmits per gram, as eoapar©4-. to th® 
thoorotieal value of 3kM-*Q e*g#.a.. units per gwm for th© fro® 
triposltiTo ion. 
la Figure 17 th® magnetio laoaont is plotted as a funo-
tion of teapermtur® for mrioui values of th© aagaetie fieli# 
fh© leel t®i8porattM?e %, fiafiaioi aa the temperatwe at whioh 
tho peak ocours in th® magaetie aomaat T®. temporatur© plot, 
is 178.5.i 0.5®1. 
In Figxir© 18 th® aagaetizatioa curves ar® shown for tem­
peratures abOT© th® leal t©if»®raturet whan the aagnotie field 
is both parallel .and .psrpendioular to the &Q axia of dysprosi­
um* 
• 
Figure 19 show# th® variation, of whaa th© magnatie 
field is •par.allel and porpendieular to th© Op axis, and also 
V M.* «bown for, these two diroctions of th© oagnetie 
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Pigiare 17» The magnetic moment of dysprosium as a function of tei^erature for 
several fields. 
60-
T r 1 r 1 r 
50 
30 
20 
10-
• ' ' [oooi] 1 TO H 
[OOOI] II TO H 
ISO'K 
ZOCK 
ZZQ'K 
294.4'K 
240''K 
-AI90"K -
-A200"K 
—^ 0"K-
40"K' 
294.5"K 
0 5 10 15 
H KILO OERSTEDS 
Figure 18. Isotherms in the paramagnetic range of dysprosiTim with the field 
parallel and perpendiculsir to the axis. 
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Figure 19. The parallel susceptibility and the inverse parallel and perpendicular 
susceptibilities of dysprosium as a function of teBQ)erature. 
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f i e M ,  B m m m e  th.© CQ axis of djsprpalma is aaguetieally 
rerj hard, aeasmreaeats of th® aagnetis moa^ at Mere la&de verj 
diff lomlt and soaewiiat ttneertain 'belw 60®!: hj th® large 
torques @x®rt©<l on th© saiple. Slaoa ttoas© torqum tend to 
rotate the saapl® about an axis viii&h it p&rpendlcul&r to th® 
wigiietie field, frietion to T@i»tioal aotion waa Inereas®*! 
greatlf, and the^ pofore, th# preeisiou of thes# iB®asw®a@iits 
Mas r«d-a:0®4« 
DjsprosiiM appeals to b« Isotropie la the h&sal plane 
for t©x^ ©ratui»®s above 110%# At 180®K th© .aagneti© moa^ at . 
Is Isotropic in the (-0001) plm& to within 0*18^  of th® 
magnetic aoaent. 
$k 
fill, MOtieWI^ E WMID IPPlOXIKAfJOl 
fc© easy iireetiou of Magnetisation, ifaloli is th© «ilr««-
tl©n along "Aieh th® mgvtXeJ^  aoaeattja ir«et@i?s ai?« aligned in 
th® o3p<i©^ «d states, is pefpeaiieMlai' to th© &Q axli for both 
djsproalum and ntoijmltim m d©t©i»alii®<l ffom the paraMgnetie 
data# It will be «h©s«i lat«x» that ia th® p®u?aJtRgn®tie t®®-
peratw® rang®, th© ®asy dli*®otioii of m&gnmtiz&tl&n ©an b® 
i©fiii©i as th© dlrtetioa •in th® crystal which poss®s®@s th® 
largaat sias@@ptitoility» ' For dysproslTaai the ©any dlreetion it 
a <^ lllo^  iireetlon as shorn by th© f®i?i»oaaga@tie and low 
tei^ erafeur®-aatif ®ri»o»agiietlo 4ata» 
If th© z axis is ^ os®n to b© parallel to the axla of 
th© hexagonal strwtur®,. the aaisotropy energy of th® 1th 
atom due to th® «rystal fi®lis attst b© oonsist®nt with th® 
crystal sywetry and may b# written in th® form 
lAere K and % are const ants which ean vary with teis^ erattir© 
and hav.® th® •dliBaasions of a Haguetio f i©ld, ia the Lanfia 
th® X0 y, and % aoaponents of th© angular moiwatm 3^  of th® 
ith atom in unit® of h/2Kf ©le last term of Equation (8.1) is 
/ k  TDRNTKM TANIFMR 
* '  % I r—" 
ca.i) 
g-faetor, pg la th® Bohr. Jiagnetong and anifl ar« 
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,K, J-'j, cv-a-ii-/..- ? 2 2 
equiva3.ent to where ^ i-L = "fju * Jiy 
la the angle between the x ails and the direction of 
lash atom is assm©i to he In th© triply ionized state 
in the metal, aad the lowest Ijing ©nergj l#vel is consid-
eFe'fi to he that which is gi-ven by Himd's rule. If isotropic 
©zehang® interaetions ai*© asstaaefi,- th# iatefaetioa of the 
ith atom with the Jth atom ©an be ®xpi»©siei by th© felation 
i^j 
H®!*©, H|_j is a coefficient lAieh gi^ es the magnitui© of the 
intei»aetion, anfl 3^  is the angular aoiaentuia of th© ith atom. 
fh<e energj of t he ith atom in the pressne® of m. eX" 
teraal magaetie field a is given hj 
% ® , C8»3) 
whei*© H is the applied amgnetie fieli. 
Th© total eiiergi* of the sjstea is then th© nma. of 
th&se energies, which is 
E 
-Sjl^ B ZlHlJ^ l-fj * + Z(V2 • Ki) 4z 
 ^i i 1 
i>j 
^  ( j L  
^ (8.W 
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where th© sinimation extends over all atoms of th® systeini. 
In, the molecular field approximation the energy E of Equa­
tion C8.y is approzliaated in the following way# It la 
asstiaed that the ooeffioieats are szero .for all pairs of 
atoas which ar© more iistaht than rth nearest,neighbors, 
fhe structure Is subdiviiad into amtolattices in such a aaa-
ner that no sublattise coataias atoms whleh are nearer to 
©aeh other than (r • l)th atarest aeighbori, and n gl¥ea 
aublattiee m&j not oontain mor& than one klni of neighbors 
of atoas on anj other sublattioe. Let th#re be 21 atoms 
per sublattle® and n aublattioes in the system. 
The ©nergj of interaction of an atom on th© ith sub-
lattice with the fttoas on th© jth sublattice is 
Sittt * 8#B^ i*2^ k%k^ lc * {8*5) 
Here' th® summation extends over all atoma o,a th© Jth sub-
lattioe whieh interftet with an atoii,^ ^^  ,th@ ith sublattice* 
Sinee this interaction is between• atoms whloh ar© all the 
same type of nearest a«igWfc>orS| the ooeffielent® are 
th© same for all interaetlng paira^ # 
Equation {8:«5) ©an now be written in the form 
®int ® %%®ij®ij'^ i*®j » {8»6) 
where Sj is the average angular momentum per atom of th© 
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Jth sublattlee, denotes the number of atoms on the jtii 
sublattice Mhich interaet with, a given atom on tlie 1th 
sublattlce. If is replacedbyYj^ j Equation (8..6) 
b©com©s 
®int =%% 
The average value of the saagular moaentua e&n be found from 
a i l j  «  Z i j  .  (8 .8 )  
The total ©n«rgy now can be written as 
1 « -21lg^ |ig ^  ^ • 21 {K/2)s|^  +-
i ,J i i 
i>J 
^  Z  -  4y' 
(  4 x *  4 r  
(8.9) 
where the sumiaatlona now range over the different sub-
lattices, that is i and j rang© from 1 to n» 
It ahould be reamrked here that the moleeular field 
approximation takes into account onlj the long range order 
of the BjBtem and negleets the short range order. This 
can he Been by exaaining Equation (8.9)• The total energy E 
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of the systeia is a fimetion of the average angular momenta per 
atom of tti© s®v®ral sublattie®s and does not dtpend upon th© 
local arratigeM«nt ©f the angular momenta of the atoms on a 
given sublattice, 
fh@ partition f met ion Z f©r the system is 
Z =» expC-E/kf) , (8.10) 
Mh@re k 1® the Boltzmaimconstant# Th© sia*ation is overr 
all direetions and magnituies ©f th® smbl&ttie© angular 
aoaenta Sj_« In ord©r to perform the S:'mwati©n, the approx­
imation is «ad© that the prInoipal eontributions to Z are 
aad© by near some a®an valm© fh® energy 1 is then 
expanded in a fajlor's series about the mean value of 
and only terms linear In (si - V) are retained. The 
©nergj E as given toy Equation (8<,9) is, after performing 
the expansion, 
1 » -1® * 2Igj|ig2!%*% » C8.ll) 
i 
where 
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E» = -asgjiiB r . Z (K/2 -
i J 
+ 21 E3_S|^ eos6^  J , (8a2) X / 
and 
i"^  a ^  •»- i" • {1 • 213^ )3^ 2^ 
+ X (6eos5|^ | - l4.eosj^ os6^ j^ )£ 
- Ij^ SI _L (6Bin$0^  •*• k^ in^ S^ 60^ )j , (8.13) 
where  ^Is the mgnltude of the projeotlon of on the 
x-y plane, and therefore, s| j_ = + s|y. The angle 
which this projeotion makes with the x axis la then 
I.e., tan^ !^  = . In Bquation (8.13) x, j, and z 
are unit TOotor® in th® x, y, and z direetlona resp®etively» 
The pFiaie on th® sunmation sign iii©an.8 sxm over J ©xeept 
j « 1. From Iqu&tlon (8*11) it em be seen that the int®r-
aotions between th® atoms have been replaced by an effec­
tive field or moleaular field % as & result of the 
linearizing technique used .in the ejcpaasion of E* The 
replaoir^ ' of th© interactions hj an ©ffeetive field is th© 
basis of the molecular field approxiaation. 
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Hendrlckson ( 2 3 )  lias earrled out tJb.© suamation witli 
the above approximation indioated in the calculation of 
tht partitioa funetioii' Z mnA ol^ tains for Z 
2 = [®xp(E®A^ )] , ce.iW 
¥h®i?e ia given-by 
21 
% sinhi^ 2^ 1^ / si^ ll' (8.15) 
Her© Mher© » gjiigJ . fhe free .energy is 
found in th© usual laamaer b^  
P a -kflnZ , (8.16) 
which beooMes after substituting from Equation (8.1i|.) 
f « -S® - kf Z InZ^  . (8.17) 
The mean value of i® obtained bj the relation 
S| « J exp(.E/kf) , {8.18) 
X ««« n 
This summation ean b© oarriei out with the same approxiaia-
tions as were used to calculate Z* fh® ealoulation of 3® 
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til® iaagiiltm«l® of S| is performed by Hendriekaon (23), aM 
he obtains the following ©quationi 
S| == JBj(»tH^ A^ ) » (8.19) 
wher© Bj is the Brillouin function given by 
B (y) a oth—"y - i—eotl^  • (8.20) 
2J 2J 23 
Equation (8#19) is th® same as obtained for a dilute para­
magnetic. system'in which |i. is the aagaetic moment of th® 
ion and Hj_ is the aagnitude of the external Mgnetie field* 
is then « vector parallel to and the nagnltude 
of S| represents the averag® projeotioii per atom of the 
angular iK>»®ntua of the ith sublattie© in the direetion of 
%. 
. By solving.th© transeendental set of equations given 
by Equations (8*20) the ordered states of th® syatea can 
be found. is given by Equation '(8#13). Th© derivation 
of the molaoular field equations and.the notation used 
above are identical to tho.3® of Hendriekson (23) except for 
th© introduction of the six-fold tera in the anisotropy 
energy.. .Since the equations which are used to find the 
ordered states all eontain th© mean value of th© angtilar 
aoaeiituia per atoia S|, the superscript zero will be dropped 
in the following chapters# 
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K. SOOTIOMS POK ZERO EXTSEMAL MAGIETIG PIEID 
In the last olaapter the basic equations of th© laoleem-
lar fieM apppoxiimtioii w®i»® derived. It was foimd that 
th© ordered states eould b« ©btalne-d fFoai Equation (8*19) 
which is 
h , (8,19) 
where Bj is th# Bflllouin ftuiotion given bj Iquation (8.20) 
aM is defined by Equation (8.13) as 
»  2 1 » - » •  H  +  C K  +  
%%i (2cos6^ j^ cos^  ^+• 6sin6j^ j_siii^ |_)x 
(2cos6^ j^ «i»^ l^  - 6sin6^ £C0s^ £)y , (9*1) 
where ooaS#i has been replaced bj (co®6^ e^os^ |^  * &inh0^ »in0^ ) 
and sin5^ £ by (siij6j0j_0es^  ^• cos6^ |_@lnjg^ £) • As before Sj^ x. 
is the- projection of the average angxilar momentu® p©r atom 
of the ith smblattloe on the x-y plan© and 0^  is th® angle 
made by this projection and the x axis, fhe above equations 
are subject to the condition that be parallel to the 
©ffectlT® field liiloh can b® expressed by th© relation 
% ® )* 1% . (9.2) 
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H®nirickson (23) has imrestlgated the ordered states for 
zero external aagnetlo field for th© hexagonal close-
paeked strmotiire using the aol®oular field approximation* 
He finds that if first, seeoad, and third nearest neighbor 
interaetions' are oonsidered, the struetur® must be divided 
into at l«a3t eight stiblattioes, and when third nearest 
neighbor interactions ar® neglected, at least six subl&t-
tices are required# Hendrioicson also points out using 
the data of Banister, Legvold Spedding (30) and argu­
ments presented by Greenwald and Smart (!|.9) that it would 
s#effl reasonable to assume that in ordered states all the 
angular momentuia veetors in a given plane whieh is perpen­
dicular to the Cq axi® ar© alligned parallel to each other, 
and in the antiferromagneti© tefflperatt^ ® rang® the planes 
adjacent to the above plan© hav# their angular moiientUBi 
vectors antlparallel to thos# of the first plsja.©» Biis 
would then predict t.hat the antiferroraagnetie atat© for 
dysprosium would be or A^ , ifeere the first synbol give® 
the type of wder (antiferromagnetie or ferroaiagnetic) and 
the subseript gives the direetion of th@ angular moaontuia 
veetor®. Ri© ordering of state A is sueh that alternate 
(0001) planes have antlparallol angular aomentua vectors, 
and therefore, only two sublattices are required, th© .two 
sublattiees eonsisting of adjacent (0001) planes• The data 
of this investigation show that the ati^ ular aoaentua 
vectors are perpendicular to th® e© (or z) axis, fh® 
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transition from a ferroaagneti© to an antiferroiHagiietic 
state IF-I transition) is then an to an state. 
In Tiew of the atooT®, lquation@(9»l) ean b© written 
in the form 
$2 + H {K' + 
I 
+ %^ X-L eoa^ j^  + 6>aiiah0^Bin0j)x 
+ %%i (SeosS^ iinj^ j^  - 6®iii6j^ 2^ oo®j0j^ )j , C9«3a) 
ani 
% « 'oig 4 H + (K • 
(Scos^ g^ooa^ g'-f 
-*• %S2^  {EcosSj^ gSinjI^  '• <^ sin6^ gCos|#2)j » (9»3b) 
low, atoas'on the sait® sublattice are allowed to interact 
with th© Velss molecular field ooefficient a. 
Th® (e/a) ratio for iyspresiuia at room te.Bi>«ratur© 
is 1«573 ae-eording to Herraam |l|5) a® •oo«par©d to the 
ideal ratio of 1.63# 'fhls means that the nearest neighbors 
of a given atom are in adjaeent (0001) planes, and the 
second nearest neighbors are^ foiini in th© a-aia® (0001) plan© 
as the given atom# If q/S is the Weiss moleoiilar field 
coefficient (the %j in Equation {8»2))for the interaction 
65 
between atoms whicli ar© first .iieaJ?est neigKbors ani p/2 
is the coefficient for the iatereetion between atcais which 
are seeoad nearest neighbors, then a ia equal to 3p# and 
/P is equal to If third nearest neighbor interactions 
are also considered, the Weiss molecular field eoefflcient 
being r/6, &. reaaias equal to 3p and /$ becomes 3t + r» 
It is convenient to write Equations (9•3) in eoiapo-
n#nt form 
[( » a » 2E2_eo8602^} e0S02. " 6>K'^aln60iBin0^ 
« Sg i_ /^ cob02 
ag|_«os6^ 2L)®in^ j^  6l2_siis6|J^ 0os^  ^
- S ^ j ^ ^ s i n 0 2  , C9.i0) 
 ^^ Is ^'^ l'* '2^ 1^ ' ** ®2z * {9»l4-o) 
/S'eos^ j^  
%i- r .^ "^ 2 ** ® * 2Ij^ «os6^ g) sia^ g + 6K^Min60^co30^ , 
(9#l|.e) 
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HE ^ 2^ "  ^ ) 
Eg, Hy., and are th® x, y, and 2, coiaponents of th© ex­
ternal a&gnetlG field. Sotatioas are now sought to Equa­
tions C9*il-) for the external magaetie field H @qual to 
zero. Sine® th© atomic sites of sublattioe 1 are identical 
to. those of sublattioe 2,. th© magnitude of i® ©qual to 
that of Sg, and therefore, fh# solution 
of the molecular field equations becomes wry simple with 
th® external aagnetlc field equal to zero since Equations 
(9*14.) will not depend upon S the magnitude of S (S » « Sg) 
but rather upon the direction of and S2* Eie mgnitude 
of S can be obtained froa Equation (8.19). ¥alues of 
are found which sol-re Equations C9*l|.), and for each  ^
there exists one or more ordered states* fhese ordored 
states are found'bf substituting th© falu® of )\ into 
Iquatlons C9.l|.) and sol-^ ing for and The critical 
tesEperature Tg can be fomd froa th© by differentiat­
ing Equation C8#.l9) with respect to and setting S|_ 
aqual to s@ro. Th© critical^ temperature f© ii found to b® 
a )\ C» , (9.5) 
where C* » • l)/3k, is the ten|>erature below 
which the ordered state becomes atmble collared to a random 
state. 
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ConaMer first of all Iquations C9»lt-6) and (9»l4^ ). 
If Sj_2 and 3^ 55 equal to zero, the dtteralnant of 
their eoeffieieat mrnst tanisli, and tli© following ©qmtloa 
is obtaineds 
K * ^ i (9.6) 
Bj substitrnting thes© v&Iu&b of A into Efp&tions C9»l|-), 
one finds that S- , « , « 0, and S-„ » or S, « l - L  H - L  I z  2 z  l a  
- Sgg when /s> > 0 or /s< 0 respeetively# Poy /^>0, 
%z ® 2^21* ordered state is a ferrojmgnetlc state 
designated by and likewise for <^0 th.© ordered 
Stat® is antiferromagnetio for uhich thi© symbol Is used* 
If and Sgg ai*® equal to zero, thm the set of 
transoeadental equations gi¥®n hj Iquations C9#l|a, b, d, 
and e) mst be solved. Plrst It oar. be aeen that ^ 
Is equal to Sg • This follows because with •^x 2 
the iBagnitud©s of the angular aomentum '"reotors and 
Sg are equal as ean be seen froa Equation (8».19j, and 
sinee » Sgg = 0, and ® ®2* 
Ymlent to rewrite these ©quation^ gi in th© following form 
Pi - a • Kj^2©os6^j  ^- / S ^ o a ( 0 i  - #g) « 0 , (9.7a) 
 ^- a - ICj^ 2cos6^ g - g^ob(0j^  - 0^} ~ 0 » (9#7b) 
s^ln(0j^  - ^ g) + 6Kj^ sin6^  ^=» 0 , (9.7e) 
68 
" 6Kj_sin6^ g * 0 • (9*?d) 
By eomblning Iqmatioiis C9»7o) ani(9#7i), a relation, between 
and ^ 2 Is obtain©^  
#3^  « - ^ 2 - Bn/3 t {9.8) 
wher© a is an Integer or 2®ro* Iquation {9#7a) Gan b® 
solved for  ^in the form 
^  «  ^ e o s i p j ^  •  ^ g )  •  «  4 -  21^ oois6|f^  ,  ( 9 » 9 )  
and using Iqaation (9.8),. lqm.tion (9*9) beeomes 
 ^sa y($'co$(202^ * B^3) 4- a + 2K3_cos6|Ij_ . (9#10) 
la order to solve Equation (9»10), it ia iieoessarj to re­
sort to tile free energy# ®ie free ©nergj for the external 
magnetie field equal to zero decreases mojaotonioally as  ^
increases, and tii©r®for®, the state with th« largest  ^is 
stable at a given temperatiir© over all other states* To 
find the stable states, Iqaation (9#10) is aaxiialz#d with 
respect to.|fj^ » 
In fable 1 a suMarj of the stable states for zero 
external aagnetie field la given. The capital letters 
give th© type of ordering, and the subscript z laeans that 
fable 1. Critical te!^ eratm*es for th® various kinds of order in the hexagonal 
elose-paeked strmcttir©# 
T j p e  O.onditions oa 
of 0. #2 c^/G*  ^ E, K 
Order 
'•' * - a • K 4- >0 ~ - >0 
Ag - ~ €-/&•*• K -t- ZK^ <^Q - - > 0 
• -t- S • * ^ m Af * SK. >0 >0 ^0 
a  3  3  / " I  
'IUlJ:!! a ~ /g + 2K, < 0 >0 <0 
a 3 3 ^ I 
(28 •»• 1)^  {2s • l)m ® 4-  ^- 2Kx >0 <0 <0 
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Figure 20. Ordered states fer th© hexagonal tl@se-paek®d 
struetur© subdivided into two liiblattiees. 
fh® atoms d«®igaat©d toy ©ireles lie in the 
saiae (0001) plane, while th® atcjas desigimted 
hj B-quares li« in adi&eeat (OOOl) planes. In 
th® top two figiar«s the open afahola represent 
atoiis having their angular noaentua veetor® 
pointing out of th© paper, while the closed 
syinhols represent atoms whioh hav» their 
angular mom&ntms. v®etors direeted into th© 
pap®r. In the other figures, the arrows show 
the direction of the angular mmnt-m veetora 
of the various atoms. 
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Xt SOLUflOfIS 11 fSE PllillQl OP 
m ixfiiiAL mmmm imm 
A» External Kbgnetic Field Perpendioular to thm 
Cq Axis 
fh® ffloleeular fl©14 ©quatioas haf® b®©n »ol¥©d for 
zero ©acternal magnetie field in the previous chapter. Sinee 
solutions of these ©qmations for a general direction of th© 
aagnetio fi®M &r# very ilffiomlt to obtain, these '©tua-
tions will b« solf©i only th® ®xt©riial Magnetie field 
is parallel to eertaln erystallographie iireetions. In 
this s©©tion solutions will b© sought for the magnetic 
f leia parallel t© a 1010 > direction. 
In dysprosium with zero external field the angular 
aoiaentum vectors of th® sublattiees are aligned aloiig a 
< 1120> direotion or equiiraleiit dlreetion# This is seen 
from the ferroaagnetio data and low teB^ serature .antiferro-
aagnetic data. If th© x axis is ehosea so that it is 
parallel to one of the six <1120 > direetions, the six­
fold anlsotropy constant K|^  must be larger thm zero. fh@ 
molecular fi®ld equations em then be solved easily if the 
aagnetie field, is parallel to one of the. si^  <"1010 ^  
directions. 
'fhe aasuMption is mad© that the domain structure ia of 
littl# importane« in determining the shap© of th® aiagneti-
sation curves. Eais is not a sarious assraption sine© the 
©xperimental laagnetlzation <mrv®s 8) f©r dysprosium 
7i^ 
in th® ferroinagaetic range &r® not affeeted 
grt&tlj hj til® doaain stpuctui'©* fix® onlj ©ffeet of the 
doraaias ia to produce a romdiag of these mgii©tiiatioii 
eorve® froM 0 to 2 kilo-»o®i»»teds» fhis would then seeia to 
Iniicat© that th© doaala walls. in th© f ©rroaagnetio t®a-
perature rang'© ar# abl# to move Fath©i» freely through th« 
slngl® oi»jatal« 
For ©•onwnleae® in this 'seetion the ©xteraal magnetlo 
field will always b® oho sen piirallel to th© x aadls so that 
and 02 h© th® mgl#s whieh th® angular morasntum 
vectors s]: and ^  make with the Magnetlo field. In order 
that solutions to the laolseular field ©cpations can b® 
obtained when th© ©xtemal magaatic field is parallel to a 
<1120> dirsetion or a <1010> direetioa in th® erj.stal, 
it is 3a©00ssary to ehoos© the x axis in on© ease parallel 
to a <H20-> diT'eetion, and in. the other case th© ac axis 
aust b© chosen parallel to a «^ loTo> direetion in th© 
crystal# Wxeii th© x axis i® parallel to a <^ '1120> 
directioa, th© molecular field equations givm hj Equations 
are valid, but when a <1010> diroetion is Giiosen 
parallel to th® x axis, th© laoleeular field ©quations given 
by Equations auat be i»di£i©d by replacing by 
- Kr 
•Th® as0un|>tlon is aad® that In a vaaishingly small 
external -magiietic field '^ioh is parallel to both th® x 
axis and a IdXo > direction, the erystal beeomes a aingl© 
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domain pai»tieal-'-with th© angular momentum vaetors aligned 
along the positive or negative j axis wiien the strueture is 
ferromagnetic, and when the stpuetur© is aiitif®i'i*ot8agnetic 
th© angulai* mamenttm vector - of amblattice I is |>arall®l to 
the positive j axis and that of smblattio© 2 is aligned 
along, til© negative y axis. 
Since the • exp®i»i»©ntal data indieate that th@ angular 
ittOfflentum v©etoi»a of th® two suhlattioes of dysprosiua in a 
vaiii:shii3gly saall Bxtem&l aag»®ti0 fieli reamin in a plan© 
which is peppeadicular t© the CQ axis for teaperattt^ es 
below the I00I t®apei»ati2i*e» the anisotropj eonstant iC is 
therefore almjs negative* If th© ©xtemal a&gnetic field 
is in the x»j plane, and Sg will alao be found in the 
x-j plane, and and 02 ^he angles which th© x 
axis imkes with and Sg i*esp©etl¥®lj« 
In th© f«r3?oaagn®ti0 ten^ ej^ atar© rang© « $2 " 
and therefor® 2^ * i9*h) beeoae 
2KIQob60) eos0 
* 6Ki8in60Bliip] • ClO.la) 
0 » S  ^- a 2E]^ co@6|f) ain^  
- BII£0cos0] (10.1b) 
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Substituting from EQuation ClO«lb) i»to E<pation (lO^ la) 
it is fomd that 
a 6BKi8lii60/ainp , {10,2) 
and Equation .{iO-»lb) ean b© solv©a for  ^as 
- 2Kj^ eos6|^  (6K2^Bin60eoB0)/Bin0 . 
(10.3) 
iinoe for low temperatures S th© magaitud© of S varies 
slowly with , S ean be considered to be independent of 
the angl© p. This approxiiaation is very good siiice a 
is about 50 times as large as 6lj^ . 
Th® iaagn®tlc aoment per gram C is thm 
O 
CTg « (g.^|i.gI^Seos^)/M , (10, k) 
where is Avogatoo's number and K is th© atomic weight# 
Equations (10.2) and (10»ii,) form a s®t of paraaetrio 
equations in 0 from which the amgnetination etirve® can be 
calculated. 
lext, solutions for the molecular field equations for 
an antiferroiaagnetlG system will b© sought# The solutions 
for the Molecular field equations when the structure is 
antiferroaagnstic go alo.ng in th© spirit of the previous 
calculation. ®ie x axis is again chosen as one of the 
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<1010> directions,, and the external magnetic field is 
taken to be. parallel to this direction, fhe magnitude 
of .S^  is taken to b© equal to the magnitude of S2» an-d 
Other ©olutions are investigated in Ap­
pendix C in which th© oonditioii on the ii lifted, and 
it is shown that for certain ranges of 0i and 02 
state with the lowest free energy is that i&ich has 
0^  R »  ^ Equations (9«i}-) then beeome 
I ^ e S  [ i ^ »  < 3 . " / ^  4 -  2 % ® O s 6 | f )  ( i m 0 -
-t- 6l%sin6;^ »in^  ] , (10,5a) 
0=s[(P)«ei + /S'4- 2Kj^cos6^) sla^ 
- 6SiBin60eoBpJ , (10»5b) 
Mh#r© S = S j^_ « S2J. • Equation (10..5b) o&n be solved for 
in the form 
- 2Ej_eos6^  C6l3_sin6|feos^ )/iin|f 
. (10.6) 
fhis valu« of  ^s.an then b® substituted into Equation 
(10»5a) with the re.suit that 
« S [ " 2/9eo80 4- (6KiBin6p)/8in0] . 
(10.7) 
?8 
As before the Magnetic aoment per- gr-aa Is given by Equation 
Clo.y, 
. C10»I|.) 
a.® fflagriitude of the angmlap aomeatm vector S is obtainei 
from Iqsiatlon {8»19)# wMeh ii 
h " » (8*19) 
where p. » 
®i * i^ i * (9*2) 
Si© mgnetl^ atloa ourves ean then be oaleulatod as 
before by asstjming values Tor 0 and solving Equations 
I10.7) and (10.i|.) for th© mgnetic field and the magnetic 
moment per gram.. 
In oalculatlng the aagaetizatioa oTirve, the approxima­
tion is aai© that th© magaitui© of th© average angular 
aoaentum per atom S depends insensitively on 0 so that the 
approxiaatioa oan be ii&de that S. is iaiepenfient of 0* . 
This approxiaation is not as good here in the ease of 
antlferrofflagnetlsm as it was •la the f©rroamgn@tie case. 
Th® reason for this is that'for temperatures n«ar th© 1©©1 
temperature B vai'ies rmpMlj with , and although 
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variea slowlj with S ean cimng© markedly with 0. It 
shomld be aofcei that the iepenisnse of oa |f ent©!?® onlj 
through the six^ fold anisotropy constant K-^ » If is 
lameh smallei? than a the approxiiaation infolTed in 
assumii5g S to be iii^ @p©Meiit of p is again very good, 
Experimentallj for ijaprosi-um beoomes very small as 
th® Neel temperature is approa<sh#<i» Ih Chapter XI more 
will be said abomt the temperature MpmdmQ® of th® ani-
sotropf en©rgf. 
If is suf fioiently larg® conqjarei t© - 2/^ , 
defined by Squation (10*7) ,  is a wtiltifalmei funetion of 
0 for a eertain rang® of 0* Sine® /S ia & negative miaber, 
th© first term of Iqmtion C10»7) is always positi^ # sine© 
0 ranges froa n/2 to 0, and the seoond term is n©gatii?e if 
0 lies between m/3 and s/fe, otherwia® th® sedoai term i» 
positive# Since for siiffieleatly small values of the ratio 
- /^ /3% more than one selutioh to the aoleeular fieli 
©quations will exist for a given value of the external 
field me mst resort to the free ©nergj in ori«r to 
obtain th© stable state. Bie solution with the lowest 
free energy for a given valm© of the external aagnetie 
field Mill be the aolution. for the stable atate. fhe free 
©n@rgy froa Equation C8»17) can be written in th© form 
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F = • Sg) +• 
* [(K/2) - %] (sf^  + s|^ ) 
- 1, (sf , m960. -¥ s? , e0s6C) 1 1-^ 1 z z 
kf ilnZi + laZg)}" (lO.S) 
wheye 
siiila(2J ••• 1-)jg 
O T 
Blnh 
ii J 
(B . lS )  
yj = )> iSiAT. and (I > low, 1® ftom Squation 
|8»12) oan be wrlttea in the usefttl form with the help of 
Iquations (9*3) 
a • 2Sg^ .|Ag k ^ >1  ^J, - - _ 
(10,9) 
Letting 5s p and, therefore, S., » S« « S £<i» JU 
Equation (10.9) become® 
E® - 2Ig^ g - i'S) (10.10) 
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fh© free energj as glv#a hj Equation C10«8) oan then 
be expanded in a faj-lor's series in powers of { }\ » ®), 
where  ^® IS som® mean TOIU# of  ^• th© meaning of this 
will b® ieen lat®r» This expansion to first order in 
c ;N - is 
F = -aig^ lig • H.3) - , (10.11) 
wher© 
P® a 2Ig#^ , C2S^ )^ ®| 4 aicflnZ® . (10,12 
«l IS 
Her©, Z® means that  ^is replaced bj )>® in th© expression 
for Zi» Wo gensralitj is lost if X® is set ©qual to aero. 
Equation (10.12) can then b© written 
P® a l|Jktliil6 . (10,13) 
It should be noted that th© expression for the free 
©norgy given hj Equation (10,11) is th© bbmb, ©xeept for an 
ai<lltiYe constant, a® the ©xpresaion for the total enargj 
if th© angular moaontm veetors in Equation (8,9) are r©-
plaeed toy their aean values S® aafi S®, 
1 2 
With the help of Iquatioas (10,6) aai (10-«7) the fr®« 
energy ..ean be written in th® reduced fora 
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f = 52^  - £2i26^ ._£, . (lo.iw 
3 sin# 3% 
In th© above equation, f is .related to P hj the equation 
f = ? g°. - a-t£L . (10,15) 
Th© tree energy f whieli i® cal.o«.lat®<l ft'oa Iqmation 
ClO#ll|.) is plotted in Figure 21 as a function of li fox* th© 
¥alu® -3 of th© ratio /?/3Kj^» Th® reduetd magneti.c field 
h is defined as 
h a M^ /(6BK2^ ) , (10.16) 
where is given bj Equation (10*7} m fhe angl# 0), the 
aagl© vht&h tb.© angular aoaentm veotors of the two sublat-
tiees make with th© implied aagnetie field, is also shown 
in Figure 21, As h iaereases. from zero, f ieereases slowly 
whil® 0, which is equal to 90^  for h equals zero, b0coiie.s 
smaller.# At « 70® th# free en«rgy starts to increase 
with 0 until 0 reaches As 0 b®cora®s larger than , 
the fre« energy 4eor©as©@ rapi41j» Sine® th© fre® energy 
la a multivalued funetion of h, th® stable state for a 
given valu© of h is then the st.ate with the lowest free 
©n#rgy. It can then be se®n that th© angle 0 and th@refore. 
Plgur© 21* The Tariatioa of the redueei free mergy f 
&B a fTOetloa of the redlue®^  nagnetie field 
h. The j*e4vLm4 free ©n-ergj is given by 
Bqmation (10«iy in terms of the parameter 
0, and til® redmoed wagaetle fi«li is d®fiii®4 
bf Iqwatioas (1,0# 16) ani (10#7), is 
also glv®n in terms of thi© angl® 0, 
6l|. 
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tli© Mtgneti© Moatent, whXeh. 1® pwQ-poPtl&n&l t© eo80, la-
ereas© ia a dlaeontinuoui m&mer at some ©rltieal value of 
th® exterasl laaguetie ,field 
fh® diseontlauitf In tti# »'aga©tie ma©at is shown in 
Pigur© 22# Here th# magnetlo moiient per gram cr divided 
by th© saturation aagnetio ^ moment per gram  ^for a 
given testerature T is shown as a function of the redueed 
magnetic field h for several, values• of th© ratio 
these eurves &r© calculated by using Iquatlonis ClO»l|.), 
(10«7) and, (10«l6)» fhe aagnetie mommnt increas©® smoothlj 
with h until the, magnetic field reaohes some erltio.al value 
hg at Mhioh point the magnetic aoaent ,JU2sps to some larger 
value# In calculating the abov© magnetization eurves, it 
has been aasimtd that S does not depend upon the external 
laagnetie field h« fhe validity of this assu^ tion has 
been disoussed in th© preeeding part of thii chapter# 
fhare still reaaias the problem of f,inding solutions 
to the molecular fieJd ©quations when th© external iiagnetie 
field is parallel to on© of th© 1^120> directions, irijloh 
are the direetiona along whieh th© angular aoaentu® vectors 
are aligned in zero external Magnet io field# !Ehi® problem 
ia not easily solved sine© there is no aij^ le relation 
between th® angles and 0^ * whart and 0^  ^
whieh'Sj^  and Sg amka with th© axternal aagnetie fiald# Al­
though the aolsoular field aquations will not be solved here 
for this ease, the method of solution will be indicated. 
Figure 22. Th.& mriatioa of the i»®iue®d aagaetizatioa with the redmei amgnetio 
fieM, showing the dissontimitj in the aagnetigatlon wMeii Is a 
resttlt of the six-fold imgnetia anisotropy ia the basal plane. 
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Pirstlf, it should b© iiote<S that will not In 
general b© equal to ))g as wm the ©as© Mhea the ©xteraal 
magnetle fieM was parallel to $. 1^01O>iir©^ etiort#. flte 
reason for this la tliat the aoleoular fields 1;^  and Hg 
,ailch the angular momentum vootora 3i and 3^ feel are no 
longer ijnaaetri© abomt tht© iireetion of th® external 
magnetic field# faking tbe ©Eternal magnetic fi@M H 
parallel to tiie x. axis wliieh is ehosen to eoinoiie with 
one of the 1^1I0> iireotions, the moleamlar fieli 
0qmstioaa hmmum 
\ ® % -L [ ^ ^  1 *" ® 
- 6lj_ain6^ sin^ 2_ "J -  ^eos^ g , CM«l7a) 
a * 21, eof6|f^ )sln^ 2_ 
* ,6K^ Bin6p2^ eoB^ j^ J " ®2x sii^ g * (10.»l7b) 
0 ^  - a - I - BKi) - •, (lO.ire) 
%• « - * Sg2 f C ^ 2 "* ® &oa6j^ 2^  Goap^ i 
6Ki8iii64sto^2 J (10.17a) 
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0 « • SJ^J. /^ 'alMpi *-^2 J- IKj^oosS^g) i lE^2 
• 6Kj^sia^2eo8^2"] » (I0ml7&} 
® ® • %2 -^ 2 - a - K • 2X3^ 1 . ClO.lTf) 
fhe nagnltuie of Sj_ i® g±r&n hj Equation (8»19) as 
Si « ®jC|4%Af) , iQ.m 
whtre 1|_ is glwm hj the Iqtmtioii (9*2) whieh is 
» i^ Si , (9.2) 
ana I. « g^ gJ. fUe method ©f solution of the sjatea of 
equations is the following# For a vain® of is 
varied until a value is found istoioii is coapatabl® with 
Equations (10»l7a), and (10#l7i)» Iquatioas {10»l7e) 'and 
(10*l7f) ar® iientioally ^ er© if 1 is less than zero. For 
& given 02^  and 0^  of  ^ and ) g oan be ietorialnod 
from Iquations ClO.lTb) and. |10.17®), and from the )>  ^
tlie mgnituie Sj_ of th® angular aoMentim veetora oan b© 
found from Equation (8#lf). Sine® Equations (I0..l7a) and 
(10.l7d| both eoat&ia th© external magnetic field H, 0^  
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aa^  02 independent, whioh in praetio® aak®® the 
solution of these ©quationa very tediows# 
aagnetic aoaent p©r gram is given by the ©a^ jr©®" 
aion 
(Tg » B2j_&oa02)  *  i l oaB)  
JI 
As before th© moleemlar field ©quations can haT© more than 
on® solution for a given valu® of the external magnetic 
field H over certain ranges of 0i and 0^ * solution 
which corresponds to th© stable state can then b© obtained 
bj examining the fre® energy^  
Solutions to the laoleoular field ©quations Mill not 
be examined her© for th© eaa® of K>0. For K # 0 the 
angular aoitentum v©etors are parallel to th# z .axis in 
zero external magnetic field* This case has been investi­
gated in great detail bj Hendriekson (23) for a general 
value of th© total mgular momentum# 
. I 
In th© foregoing discussion solutions to the molecu­
lar field equations Mer® found for th© ordered states of 
the systeii, when th© external magnetic field was perpen­
dicular to th© z axis. Solutions to th© molecular field 
equations will now be considered for tenperatures idaieh 
are larger than every critical temperature of the system. 
For auffioiently large temperatures Equation (8»19) 
©an be written in the approximate form 
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f 
s - i  « ,  c i o a 9 )  
wHei^ e C* l)/3k. Mith the help of Iquation 
(9*2) th® following e.xpi»®ssi©n is obtaimei 
, {10.20) 
* 0 
It can be s®®n from this that all th© j^_s, and therefore, 
also the S^ a, for th© Tarloua stablattices will b® equal. 
Prom Iquatlona C9»i4-) ©a© obtains th® following 
%x ' C10.21) 
T - T 
0*E^  
%y « B2j « -—2- , (10.22) 
T - %b 
®2z Z r • (10.23) 
T - f„ 
where 
« 0»(€ * /^ * 2%) , (10.214-) 
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a  e » ( a  -  2 % )  ,  ( 3 . 0 . 2 5 )  
fp^  « C»(a + K) . C10»26 
fh© above solutions apply to the system i^ en it is para-
magnetic sine© f is larger, thau every eritieal teaijeratup© 
of the system* fheae ©quationa express the familiar Curl©* 
¥®iss law for a P'Sraamgnetic smbstanc®. 
B. Internal lagnetie Field Parallel 
to the ©o Axis 
In this sestion. solutions to th® aoldsular field 
equations «illl» sought for the external aagneti© field 
parallel to the z «ia i&ieh is cftio«en parallel of the c© 
axis of th© hexagonal close-packed structure. Since the 
solutions which apply to djsprosiim- are those for which 
the angular moaentuBi vectors are in a plane which is per­
pendicular to th® Oq axis for zero external magaetic flel4, 
the raoleeular field equations will b® solved only for the 
ea»© in which E< 0# Hendrickson (23.) has examined th© 
solutions to the field equations when K > ©. 
With the external aagnetio field parallel to the z 
axis, and fiy are both ^ ero, and, Equations C9-W become' 
- 2K^ co®6|^ j^ )eos^ j^  
- 6Kisin6Pi8MpiJ - j_/S'&ob02 (10..27a) 
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OaS^^J, - 2E2_COS6-J|j_)S1ii#2. 
+ 6K2^ Bin602^ Q&s02_'] "* (10#27b) 
Hg a Sj^ (^ - a - S - m^ ) - Sgg /s (10.27o) 
0 ss - J. /i? eoB02, 
• ®2x l i  ^ 2  "  ^  
- 6l3_sia6|fgslii#g ^  110.27d) 
0 « - S3^ _,^ sln4 
* ^2 J. 2^ " ® *• 2Kj^ eos6#2) sln#2 
4- 6lj^ sln6^ 2®®'®^ 21 (10.27©) 
%2 ( >2 - a - K - 21j_) (I0.27f) 
Ihen the struetwe is ferroaagnetie, the two sublattises 
beeoBie identical, i.©«, S|^  « ® therefore, 
/l « 2^ ® • Selirlng Equation® (10.27a), (10.27b), 
(10.27d) and (10»27e) for 0, wtoieh is eqmal to 0^  aai 02s 
one obtains the following expression. 
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 ^ , (10.28) 
3 
where s Is an Interger or 2®ro. For tla© salce ©f conven-
iene© a will be taken to b« equal to zero. Equations 
(10.27a) and (10.27d) becom®s 
A - a * 2% * 0 , (10.29) 
and Equations (10.27b) and (10.27®) ar® iientieally zero. 
She value pt  ^obtained from Equations (10.29) oan b© 
substituted -into Equations (10.27e) and (10.27f) and tMs 
gives the following expression, for H^ , 
Hg « - SgK , . (10.30) 
The' magnetie aoiaent per graa <51 is 
s 
®0%%\ o^S##!§ 0-^= . (10.31) 
Since the raagnetio moment per gram is a llnasr function of 
the magnetic field, it is useful to rewrite the above equa­
tion la the form* 
9$ 
where is th® amgiietlo smseeptibility per gram, 
o 
Wien tiae systea is antiferroimgnetie. Equations C10#27) 
can be solved for 02 following fora, 
0^  « ^ -y-i % ani 0^  ~ « » (10'.33) 
wiiere s is as before an integer or zero* If a is chosen 
to be zero. Equations (10.27a), Cl0«27b) and ClO.27©) 
reduce to the fora, 
a *• ^ /P "0 • (10»3J4.) 
If this value of  ^is substituted into Equations Cl0«27o) 
and Cl0.27f), on© obtains th© following expression for the 
Magnetic field, 
Hjg « - Sg C2/S>4- E) , (10.35) 
where Th& magnetio moment p®r graia is then 
(J- « « , (10.36) 
s M 
and as in the case of ferromagnetism, the magnetic suseep-
tibility ©an b© written as. 
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Sine®  ^is a eoastant for both ferroaagnetlc and 
antiferromagnetle states, S will also be a eonstant, Th® 
aagnitud© of S is obtained f3?0M iQuation (0,19), vdiich , 
is 
h  ® ^B j (y^S^ /kT)  , {8a9) 
wher® p. » gji^ g^  » Hi given by Equation C9«2). 
Equations (10^30)  and (10^3$)  are ¥&lid tmtil « S. 
The value of the externftl Magnetic field Hg for which 
Sg » S is givea hj th@ expression, 
• « - SK . ilO*3B) 
for the case when th© system is ferromgnetie, and by 
Ig « - BU/P 4- K) , (10*39) 
wh©» the system is antiferroaagnetie. In th® oas# of 
antiferromagnetisji, Hg is the oritlcal field where the 
system chanijes from antlferroaagnetism to ferroa&gnetism. 
B'or aagnetio fields larger than Iqimtions ClO»27e) 
and (10»27f) ©an b« written in th© form, 
S = Hg + S(/ + a + K -f , (lO.is.0) 
and B ©an b® obtained froii Iquations (8.19) anti {9.«2). It 
sho'uld be noted that louation {10«i|.0) is valid for both 
the ferromagneti© and antiferroimgnetie states. 
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In th© above, solutions to th© molecular field equa­
tions have been found fop the states of th© system* 
!Ehe solutions to the moleeulfiii*' field ©quations,. when th® 
tei^ 'erature is larger than ®very critical temperature of 
the system, have been fomi in th# first seetion of this 
shapter, and the result, when the external oagnetic field 
is parallel to the z axis, wlH only b© given her©# ®3.® 
eoi^ onent of th© average angular aoiaentua per atoa parallel 
to' the external aagnetic field i® 
 ^ ("-23) 
T - Tp^  
where 
%g. « OHa * * 2Ki K) , (10,26) 
and 
€•» » gjtigJU 1)/3I£ 
Solution© to the itolaoular field equations-have been found 
when the external mgnetio field .was parallel to certain 
directions in th© crystal. If the mgnetlc fidM is 
parallel to & general direction in th© crj-stal, the solution 
of th© fflolecular fi«M equations bseomes very difficult and 
will not be given in this investigation# 
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XI. OOMPAIISOI OP THE IXPEHIMSITAL 
EESIJLfS WfH fHEORT 
A. 
It Is ratlier iiffioult to d3?aw many ©onoluslons from 
th© experimental data of n«©<ipiimtt. Meodjmlvm is paraoag-
netic over tla© tei^ erature rttag© 20.l|.® to 2.80®K. fh© 
.20»1|.®I Isothera iliows a slight earvatm*© idileli might be 
attributed to th© effeots of short range order sine© neo-
•dymiim s@@as to bdeoa® ordered at about 19as indieated 
by the peak in the- spmitlG h@at at 19®1 observed by 
Parkinson, Siaon and Sp®dding (38) • At neodymiuia 
apptars to be antiferromagnetie, the easy direction of 
magnetization being a <'1120 > direetion. 
It is of ®o»« Interest to perform the averagea upon 
the aingl© crystal su®oeptibiliti®s in order to co^ ar© 
them with th© e:qjeri»©ntal susceptibilities obtained using 
polyorystalline »aiapl<ss* Ih the paraimgnetis t©-a^ eratur© 
range neodyadua is magnetically an uniaxial ©rystal with 
th© uniqu# axis being th® axis. It is oonTenient to 
©jqpress th© auseeptibilitles in teriis of a susceptibility 
parallel to th© axis and a susceptibility p©rp®n-
dieular to th© -axia » o 
Ih# two susoeptibllitles can b# ©jjpressad in the form 
, (11.1) 
T " A // 
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and 
1 hj. * (11.2) 
®i© average valm© or polyerjstallin© susceptibility 
obtained from th© single ©rystallin© suscepti­
bilities by averaging the single erystalline values over 
all orientations of the singl© crystal with respect to the 
laagnetie field, fhis average gives 
. z ^JL 
» -J- + , (11,3) 
and if T is much larger than Ak and A a.. Equation (11 .J) 
ean be witten with the help of Equations Cll»l) and (11«2) 
in the approximate form 
av (ii.W 
Prom the experimental data for neodyaiium (Figure 7) 
the following suseeptibilitiea per mol wer© obtained; for 
!• 7l tei^ eratures above ll|5®K j^ool// " 
"^ molA ® I for t©mp©rat\ir©s below lliS^ K 
;2^ iiol// == and X^ i^x « . The poljerystal-
lin© stusceptibilities obtained by using Equation (ll«l|.) 
1 72 
are X^ ox =  ^ for tei^ jeratures above IkS^ K, and 
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t©iap©rat\ir©@ below ll4.$®K« These Talues 
' T • 3 
ai*6 to be oon^ ared with those of Blliott, Ii®g¥©ld and 
Spedding (36) obtained f3?om polycpjstallin® sasoiJles, which 
'^ ol ® fQF t&w^ 6ra.twpBB abO¥© li|5®K» and 
m^ol ® tor teagjeratures below ll|.5®K* 
The anisetropy eonitant E am be obtained from Equa­
tions {10»21) and (10.23) with set ©qual to sero in 
these equations. lot# that these equations do not depend 
upon how the atruotur© is divided into sublattiees nor 
on the nuHtoer of sublattices required* therefore, K is 
given by the expression 
T - T Pa Fx , 
K , (11.5) 
0 I 
(g^ lAg)^ a'(J 1) 
where g^ M-^ C = •'  ^ "• •' ' i^ch is the Curie 
J S 3if 
eonstant per atoa. From the experimental data of neo- • 
dymiuiB the Curie constant per aol is 'knowi, and the 
following relation e^lsta between G' and 
G -H itol 
, (11.6) Vj'^ B 
Khere M is the molecular weight, and Ig is Avogadro*s 
niratoer. For temperatures above l!|5®K, 1 « ll|,,0OG oersteds, 
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and for temperatures below ll|5®K» K = 13,200 oersteds 
At the absolute E©ro of teaparmture the value of K = 
111-,000 oersteds e«^ ares to aa anisotropy energy of 
l»ll|. X 10^  ©rgs/mol or S6#0 x 10^  ©rgs/ea^ . 
B. DyaprosluM 
In Chapter ?II1 the basic molecular field theory was 
developed, and in Chapters IX and X th© moloeular field 
equations were solved for zero external magnetic field 
and in the preseae© of an txternal magnetie field parallel 
to certain Grystalline direotions. In thi® section, th© 
©:^ ©riBiental results for dysprosium will be Interpreted 
in toras of the moleeular field theory utilizing two sub-
lattices, !Sie division of the hexagonal elose-paeked 
struotur© of dysprosium Into the two sublattiees Mill be 
repeated here for oonv©ni®nee« 
The structure can be divided into parallel planes of 
atoas, these planes being perpendicular to the Cq axis, 
i.e», (0001) planes, and th© average angular momenturn 
vectors of the atoms in any on® of these planes are paral­
lel to each other* If these planes are then numbered 
consecutively along th® e© axis, all even nurabered planes 
will be contained in sublattic® 1, and all odd numbered 
planes will belong to sublattlce 2. Mben the struotwe 
is antlferroBiagnetlc, the mgnetlzation of sublattlce 1 
will be antiparallel to that of sublattic® 2« The oagneti-
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zatlon of both sublattices will be parallel Mh&n th.© system 
is ferromagnetic or para»ga®tle« 
In the temperatiare range In which djaprosim is ferro-
aa@a©tic, the umgnetlc. aoaeat as a fmctl©ii of th© laagnetio 
field H eaa b© fomd, wlaen 1 is parallel to a <1010 > 
direction (tlie easy direction of magnetization being a 
<rll20> direetlon), from Equations {10»2) and (10.4)» 
where S, the magnitude of the average angular momentma 
per atom, can be obtained from Equation {8»19), 
« ^ 3%^aimA0/sin0 
# 
C10»2) 
iio,k) 
* (8.19) 
where 
{9.2) 
and 
- 2Kj^ eo»6^  •4' 
6lj^ .sin6j^ ©os^  
(10.3) 
ain^  
9 
From the experimental saturation mgaetic aoaent at a 
gifen temperature, th© ¥alue of S can b© found for the 
given temperature by using Equation (10.1|.), and by 
im 
standard methods of etirv® fitting, values of ©an be 
<a®terainei from th.® iaotii©Ms, Table 2 shows the values 
of Ej^  obtained bj this methool for the ©xperimental data 
of dfsprosim. Magnetization eii2»v®s ©alculatei by using 
the above , equations and the values of given in Table 2 
btb shoim in Figur© 23 along with the expeFimeatal poiat.s. 
•• In Figure 2l|. the values of Kj^  a©teFiiin@i abov« 
plotted, against temperatuj?©. From this plot and by exaia-
iaing th© approach to saturation in the antiftrronagnetie 
temperature rang® iWig'm&s 9 10), it ean be seen that 
K;i_ becomes very small in the neighborhood of 110®E. It 
ha,® been ahoim in Chapter X that tor values of the ratio 
'larger' than about 8, th© aagnetio aomeiit is a 
oontinuous funotion of th© aagnetie field. It was realized 
©arlj in the ©ours©' of this investigation that one eould 
not aooount for th© discontiauitj^  in the magnetiaation 
ciirves over the. entire antiferromgnetic temperature rang# 
with Just the term representing the si^ «»foM anisotropy 
energyj because is ieereasiag r&pidlj ^ th teng^ eratur© 
while is inoreasii^  with tenfjerature in the antiferro-
nagn^ tic tei^ orature raag®, malting the ratio.- -/? /3Ij_ very 
large. 
Th© above discussion aai tho faet that the ©xperiaen-
tal raagnetiuatioa curves with the magnetio field parallel to 
a <1120 > and. a <1010> direction becoa® iieatioal for 
teii5>eratur©s .above 110®! point to the faet ttiat th® 
fable 2.» EKperlmental values of the anisotropy eonstants and the moleeular 
field eoeffielents of dyspi»osium. |all quantities In kilo-»oe.. exeept f emi 3) 
CK) 
6K^  K S {h/Z%} X 
a 
3.00 •^"65»00 «» 7.6I|J6 115.7 llli..7 
k-z 2.96 "59#56 - - 7.635 115.7 nil-. 7 
20.i|. 2,75 -63.9l|. - 7,613 115.7 111}.. 8 
35.0 2.08 -63.91|. m 7.502 115.7 115.0 
5o..^ o i.iia - 4M 7.365 115.7 115.3 
60.0 0.965 —60.36 
-
- 7.219 116.7 116. Ij. 
70.0 0.678 7.075 115.8 115.6 
80.0 0.!|37 •57.17 - «P» 6.90l|. lll|..3 nl|..i 
85*0 0.366 - - - 6.82l|. 115.7 115.6 
90.0 0.318 "•5ii-*58 -o.o7o «» 6.736 111^ 9 lll|..7 
100.0 0.0l|.9 -52.03 -0.2l|.0 0.256 6.11-57 113.5 113.1 
T^allies for 0®K are extrapolated values. 
Table 2 (Continued) 
fe»» 
(•E) % E 1^ S Cli/2*) > a 
110^ 0 • - -o»^ ii3i^  1,31 6 #217 109. 0 107.3 
120»O - -i|2i07 -0.679 1.80 5^ 936 107.3 10I4.8 
130,0 Mft -36^ 25 -0*977 105.9 102*6 
ll|.0*O - -33.18 -1.1|6 2.71 1^ .723 96.56 ,92.39 
150.0 
- -28.93 -2*01 2.51 %..10l|. 95.08 90*56 
160.0 -
-25%9i|- -3 ait 2.10 3*h03 95.18 89.92 
170.0 . 
-2i4..7l -I1-.15 0*902 1.821 93.27 68-. 22 
173.0 -
-4.58 0.623 1.276 93.it8 88*28 
175.0 - -28.08 O.I1.71 1.051 93.96 89.05 
177*0 -28.77 
-!i..27 0.139 0.578 9ii-.2a 89.87 
178.0 - • - - 95.08 -
178.0 - -2l|.*58^  - - 4H» - -
to t^ained trom paramgnetlc data. 
Figure 23- mgnetie mm&nt plotted as a fmetloa of th@ aagnetie fieM for 
several te^ eratuEres, as ealemlated from the ffl©l©ettlsr- fl©ld theory 
e©apar-ed with the ©xperi»iifcal results of iysproslim in th© ferro-
m&gnetie temperatiare range, fhe th©or®tie«l eiarvea *©re talculatefi 
by using Bquations {10«2l and {10•If), fhe mimes ©f % are given 
in T&hlm 2. 
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Figiar© Zk* Tsrlatioa wltJh tei^ er&tiir© of the six­
fold anisoti?epy. eoastant Ki, th© antiferro-
aagni#tle eompling ©onstant ani the 
eompling ooastant for dyspj^ oaiua# fhm@ 
©oustants la tb® ttoleeulap field tlieory wer© 
evaluated fi*©« tii© exp^ erimsatal data of 
fijspposltj®!# 
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discontinuous natW'e of th© Magnetisation eupvas ean not 
have their origin in th© ©fftcts of a six-fold anisotropy 
energy# to® might think that a twelve-fold anisotrc^ -y term 
in th© basal plane of the for® 
%2 * (11,7) 
laight b© responsible for th© dlscoutinuitj in th® auagneti-
aation emrires in the antiferroaagnetic rang©# this t©ni 
Ban be ruled out in the following way# ITsing argments 
which will b© giten later, on© would expect to deoreas# 
umch laor® rapidly with inereasing temperature than and 
if 1^ 2 than in th© antiferromagndtie 
teaperatur© rang©, would hav® to be about an order of 
aagnitmde larger than at low temperatures* This is not 
th® ease sinoe no ©Tldane® was found at low temperatures 
supporting the «xiat«nee of such a term# fhis ean be aeen 
by the-good agreeiasnt whieh, the six-fold term gives with 
th© experiaental data of dysprosium (Figure 23) in th® 
ferroaagnetie range# 
On# is then foreed to eonclude that the disoontinuous 
nature of the ®agn®ti2sation eurves in the lyntiferromagnetio 
tei^ erature range can not b© attributed to anisotropy in, 
th© basal plan®, but rather,, to some typ® of interaction 
between the angular jaomentua vectora of tha sublattiees. 
Ill 
Ejcohang© Interaotioas, as was shown la Chapter YIII, 
ean giv© ria© to an lnt«raetioii ©aergj between the ftngular 
momenttam rmtoru of th« two sublattiees of the form 
If Equation (11»8) is considered to b@ the first term in 
the expansion of ths interaction emrgf in powers of ^2*^2* 
the second tera of the expansion oan be taken to be the 
following. 
whers and 3^ are the fflagnltudes of and 3^ respective-
I j *  T h e '  phjsieal origin of an interaetion energy of the 
type giY©n by Bcpatioa (11#9) will be disomssed later* 
If the interaction energy given by Equation {11#9) is 
carried through th® sa«# proe©4we &s was the total energy 
in Ghapter ¥111, it is e&sj to show that it aids the fol­
lowing terms to and Hg. 
Elnt " - 2»8j#B/SI-S2 (11.8) 
2 
®int - - A 
1 2 
(11.9) 
(11,10a) 
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2 
®iy ' hi -prr" 
. s 
1 2 
s * s 
- Bin0^  , (ll.iobi 
" h ®2 , 
C%*S2^  ^ h *%> 
% Sg S3_, Sg 
H x ' -  h j .  2/^ 1 m® 
1 a 
-7- >• 3 
/^ 1 3 ®®®^ 2 ' ai.loa) 
3l ®2 
Si'Ss % = - 2A -i-^  
2^J- /^ 1 "'''" ''" ' n'" S1.K^ 2 » (U«106) 
% ^2 
Si 4 
Hi. = - r-F' 
12 ST S« 
and a term, of the following form naist be aided to the mean 
mnergj 1®, 
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l#f a • 2Ig /? 
J B ^1 
(11.11) 
Bie addition of the intepaetion «a®pgy 'does not 
•change the fflOleeuliLr field #qtiatioas when the system is 
ferrojaagnetie sine© is equal to and therefore, the 
solutions given ia Chapter .1 are valid for ferromagnetism. 
When th# strtietuT'© is antif©rromagnetie with th® 
0xt®raal aagnetie field parallel to a l^oTo> direction 
the equations which parallel Eqmatioas {10»6) and C10.7) 
are 
61,sin6^ ©os^  
> = a - ^  - 2Vo.6^  . — 
- /?iieo»^ 20 4. 2eoa2#) , (11.12) 
6IC« sln60 
« SC- 2/?eosi^  • « li./3'^ &oa20mB0) , 
(11.13) 
where the magnetio aoiaent per gram (Tg is given by 
CTg , (10. W 
and S, th© aagnituie of the a¥«rage angular ^ a0a@nt^ am per 
atom, can b© fomd from 
ilii-
(6.19) 
where p. * aM 
Hi • ^1% (9.2) 
In ord©r that the ©ffeets of th® interaetion energy 
i^ctt eurvea can be seen, seTeral 
aagnetlsjatloa otir^ es have been calculated with « 0» If 
th© a^lue of the ratio - siifficlently siaall, 
th© mgnetic field 1^ ., given by Equation (11.13), becomes 
a fflalti^ altied f-un©ti©ii of 0 for a eert&in rang© 'of 0, and 
one must resort to the free energy as before to find the 
Stat© with th® lowest free energy• As before, the free 
energy can be -written in the form 
P 5= 
- aig^ g i.s) - F® , {io%ii) 
and if )\ ® =s 0, F® is given by the equation 
F® = l+ikflnl6 (10.13) 
In deriving Equation (10.11),  ^ , and therefore, 
% * % ® S« 
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with th® help of Iqmation® (11#12) ani Cll»13)t th© 
fr®® emrgj e&n h© npittm after setting » 0 in th® .. 
reduced for® 
f» s QoaSp + 8m»20eo8^0(2/3//^^)GO8^p , 
(ll.lii-) 
wh@r@ -the reAum& free ©iitrgj f' is related to th® free 
energy P by the, ©Quatloa 
F * , a ft a  ^ , (11..15) 
For eonvenience the redu-e©^  iaaga®ti© field is defined in 
the following ammei?. 
z IL 
h' a . {11.16) 
In Pigore 25 th© reduced Magnatizatioa  ^'f^  o 
giwn by Eqiaation (lO^ #!}.) is plotted, against th© reduced 
magnetlG field h* for several r^allies of the rati© - 2/^ / 
and in B'igiir© 26 the reduced fre® energy f* gi'ven by 
Equation (11«15) is ah€swn as a fmietion of the reduced 
magnetic field h* -for th& ¥alue 6 of the ratio - Zf//P^ * 
la 0 is deereased from 90® the free energy (Pigur© 26) 
deereases until 0 is ©tual to 50®, at whieh point the free 
energy increases until 0 equals 0® at saturation# fhe 
Figijre 25* Bi® redtieei mgnetie Koaent plotted as a fttaetloii of tb© 
Biagnatl© flelci showing the disecmtimity in the -mgnetizati©!! 
e\a«¥e, wbieli is pi»oduce«l toy the introduction of th© «n®3?gj t®i*» 
given by Equation {11»11) into the total ©nepgJ* 
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flgtire 26. fhe ©neygy f * plotted as a faasfcion of th® retoeed 
asgnetio field, fh© tw%® enapgy f» is giv®a im t®ras of th# 
parraeter ^  by SQuation (11.ly, aa-i tia© reduced aagnetie fi®M 
is defined bj- Iquations (11.16) and (11.13). 
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free energy then ieereasea witla h*. As fch© mag-
n®tie fi«li h* in@reas®s fi»o® z#ro,, the fr-m ©aspgy f *• de­
creases sl©wly tmtil som© erltloal "ralii® of the magnetie 
field h„ Is- fe&ehed# Here, the free eaergf changes flop®, 
and ^  Jii3s5)s. fi»oa-all aagl© of approxlmatelj^ -C??®'to 0®, and 
slme th© mgnetiG ooatat Is proportional to 'eos^ , th© I 
aagneti© iaoa«nt-. also shows-the discontinuitj. 
Figures' 2? • and 28 show the ®3tp-erl®@ntal po-inta and 
the ealeulat«d aiagijetiz&tion Q-mvMs. for teaperatures in 
the antif erroaagae-tie raiige of dysprosltiai*- It ©an b© seem 
that tho introduction of the /S,, t«™ In the enei-gy e:Q,r9a-
sion is abl© to aeeoimt for th© dlsoontinmity in th@ 
«xperia®ntftl aagnetization. ©wr¥®s .and -|;hat it also predieta 
• ; 
the correct eurTatiir© of th® ®xp@riiiiiital aiagnetization 
ourifes - (figure 28)'.» In fable 2 th« values of and 
are ahowi whloh were us®d t® ©aleulat© th® curves shown 
in Figures 27 and 20. 
It has been shown previous!j that the. system will b© 
ferroaagnetie if  ^Q syad antif err-oaagnetio if /P<0 when 
th© external aagnetis fi»ld Is equal to •garo. It can b-e 
sho-wn bj plotting h^ , th® ,eriti-eal field at whioh th« 
diso-ontinuitgf in th® magnetlMtlon eurv« oseurs, against 
th© ratio - that as - ,appro-aeh@s aero^  
!•©•» /^ / beoomes samll, hg will ^mlso &ppro-aoh zero, 
and th#refw®, th© antlf©rr-oraagnetl© • ferroaagnetle transi­
tion t©3i5J-©rature can b© found from the e^ ©rl«©ntal data 
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by plotting th® eritieal fi#l<i .agaiast the teaperatiire 
of the isothem# fhis ia shorn Figure 29 for dyafrosl-
xmt ®ie transition tei^ erature was found to to® 85®K for 
iysprosi-ttM, «ti.i#i agrees with the valm© given hy frouflae (2?). 
With the external a&gattio field paralltl to the o^  
axis, the aagaetiO' fi@M was giwn by Equation {10*31) when 
th© systea was ferroumguetio and hj Iqiiation (10»36) for 
an aiitif@rro»agn©tie struotur®# fhes® ©qmtions mxBt he 
modified to take into aeoount thm addition to th.® total 
energy' of the torn liiTolvlng given fey Iqtiatioa {11»9). 
$hls «a®rgy term will aot mffeot tho derlmtion for a 
ferroaagnet since = B, aad therefor®,, Iquation 
C10»31) renmins valid# 
111 the oas© of antlfdrromagmstisia with th« external 
ina^ etle field parallel to th@ .axis the aoleoular field 
equations becoa® 
0 » > - a /? • 4 /^ j^ (eos%© - aeo®2t), (11.1?) 
, H,g « Sg £ > - a, - - K - 21^  ^
/3^{eos%« • 2cm29)J , (11.18) 
%ftiep© Sj. 2^ ^  ® angle whleh Sj_ or Sg makes 
with the g axis. fh@ nmgnitudo of 4h® average angular 
aomentuia p&r atom S eaa be found from Equation (8,19) with 
w 
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the h«lp of Iquatioa Iquatloa eaa b® 
iolif@<i f©i» and substituted into Iqmtioii (lltlQ) which 
glfes 
% « SgC- a/? - 1 • cnti9) 
for # near %/Z, Iquatlon (11,19) ,ean b® approximated 
hj tb© following equation 
% ® SgC- 2/^  - 1 • . (11,20) 
The aagnetie aomeat p®r gram la gi¥®n by Iqaation (10*31) 
liileh it 
• ® CIogjtigS^ I/M , (10.31) 
wsA with the hi©lp of Equation (ll#20)j, this equation 
beeoaes ' 
(11.21) ® M(-' ^/iS' • K * k/^ ) 
The mgn®tic suseeptibilitj per gi»am is then 
129 
By using Iquation Cll«22) the anisotrapy ooustaat K 
csan be ieteriilned tor the farioms isotherM bj ©aleulating 
the experiasntal smseeptibillties and using the f&et that 
/? aiwl ar® kno«n th® ©xp«i»iaeittal isothems. !Hi© 
varlatien of the anisotropy eonstant K with teraperatmr© 
is tabulated in !Pablt 2, and th©s« falues of I ai*© plotted 
against te^ ei*atwi'e in Pigur© 30# 
SiJiee the values of E, /?, and ai*e kno«n from 
the esperlaeatal data of iygprosium for th© vsi»lous iso­
therms, th® values of  ^and a ean be determinied for th#s© 
isothermss ?) ean be obtained hj solving Iquation C8*19) 
with the help of Equation C9»2), ifeieh gives 
fhe imgnitu4e of the average angular meaeatuia per atom S 
©am be found from th® experinentRl data with th© hmlp of 
the following equation. 
Th© values of S for. the various isotherais are shown 
in fable 2 along with th© values of  ^obtained from Equa­
tion Cll.*23)« In Figure 36 of Appendix D, S/J is plotted 
against Ce»^  )/f, where C* « gjPgJtJ l)/3k, as obtained 
from Equation (8*19)• la all th© saleulations was 
S a /Ns/kf) {11%23) 
^OO 
S a |ll,2l|.) 
Figmi*'© 30, varlatioa with teape^ atupe of tli® aialsotropy ©©nstaat 1 for 
iysprosioii. fh® dasked llae oa tli© right shtoirs tii© valm© ©f the 
aaisotropy eonstant idiieh was 'Obtalaei from the. paraaagaetie 
data. 
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talcen to b© ©qmal to k/3, is tlie.fre® gas vain© 
th© Land© g-faetor for the tripositive ion of ifsprosiiiia# 
fli® ten^ eratwe 4e|>eafi«ne® cjf a '©aa now be obtained* 
in fabl© 1, is iefined in terms of th© imsl^ eul.ar fi#li 
©©©ffielents fdr th© Tariotis ordered states of th® system 
in ssero aagaetio field. If the x. axi® is ebosen as on« 
of tbe < 1120 > directions in dysprosim tbe stable state 
will b® ar Wg^ , ainee a  ^1120> iireetioa 1® an &mj 
direction of raagaetlEatioii. for ajsprosiu®'.. From this 
table it ean be seen that idiea djsprosim ii antiferro-
umgnetieji 
> » a, -  ^ » (11.25) 
alii Mh«ii dysprosiiia is ferroaagnetle, 
> m a  ^ . (11.26) 
The .^ almes ©f a for th© various Isotherms oan b© 
determined from Iqiiatloas (11.25) aM (11#26) mA are 
tabulate<l in fabl© 2. Warn tk© system is f®rroiiagn©tle, 
/=• and miut be Included with a. alnee tt Is li.®.o»albXe 
by my phyaloal me«»ure»mt to determine a, ^ <md 
separately, althougli their smi eaa be obtained» In Figure 
31 both, a aM' ^ are plotted against t©iip®r&tur©# Sin©© 
 ^is not a ©onstant with tesperator©, the critleal t©a-
peratur© for ssero eatternal aagmtie field, Mhloh Is 
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Figure 31. The variation of ^ and the ferromagnetic coupling constant a with 
ten^jerature for dysprosium. 
nk 
defined Iquation t9S) $ 
fe » , (9.5) 
is also a fmetion of t^ mpspatur©. 
In or-d'©? to compare the ©xpei^ iiaental refused .magnetl-
gation, wMeh is eiefined m with that pre-
iieted bj th® ii»lllioiin fmotion, a oritieal tei^ eratwre 
of 215*£ was iia©5» Thi® value for' the critical tempera-
tiife ¥as ©btaiiied tTom the low temp©i?atui'© data of dyipro-
sittM. ®ie results a^e shown In Pigur# 3Z* 
RetiiPiiiiig now to the anisotropj energj, 2©ii®r i$0) 
has showa, using a elassieal iiio4elj> that if th© mioro-
s-sopie anisotropy energy (the energy ppedueed hj the intei— 
action of th© individual atoms with th© erystallin® fields) 
is expressed in th« fom 
E„ = Z E (0)3 (a- a- a') , (U.27) 
H i 2  ^
th©a the Hi,aeros©opi0 anisotpopy eaergjj. which ia the inter-
aetion ©nei'gy of the airerag# sagular momentum veetors of 
th© atems with th# eryatallin© fields, is given hj 
la ® 51 , (11.28) 
where the a*m ar« the dijpection coslaes of th® laieroseopio 
flgm?® 32# e©i|)«^ is©n of the -farlation with t@i^ ®ratw© 
of %h® expei»ia®at«l ipMutea i»ga®t last ion foa? 
(ayspi»osimiii with that hy tli® 
fmetion tot 3 « lB/2 md e©ii-
stmnt# • A ©fitisal t®«p®i»stiir# of 2lS®K w&s 
ua«d In ealotil&ting th# «xp«ria®iital s»©€w.@04 
t®fflp«i*atw#s» i» th& e-i*iti©&l 
t®ap'©2*atur# obtained from th# low temptratup® 
flata of dysprotim. fh& solid ©urv® Is thm 
tli©or«ti®al ami t&« giT« 
%h& ®xp«i'iit®atal. points# 
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angular aonentam vector, of an atom referrei to the eryttal-
ll»e aEes, and th® m& &m the dlreetioa eosines of the 
Average • mgal&r mmmntma. vector referred to th« eryttallin© 
axes, Sjj Is a siarfae© harmonle of ©rder n» Zeaer |50) 
then obtains .th® following relation between the aaisotropy 
energy at absolute iser© an4 the ^ aait&tropj ©a©rgy 
IjjCf) at a teiBperatur© I, 
s^ Co) cr CO0 
CU..29) 
fhe tei^ erature iep®ni«ae® Gf the six-fol«S (n » 6) ani the 
two-foli (n = 2) anlsotropy energies ia terms ©f th® tea-
p©ratur® of th© reiueed aagnetizatioii is then 
mid 
<r 
04, ^ 
(T ' " 
00 0 
21 
(11*30) 
FToF 
cr 
CO 
<r 00 0 
(11.31) 
In Figure 33 a eoaparisont is aad# between th® preiic-
tiQus of th© uhme ©quatlons aM th@ exferiaental -ralues 
of the anisotrepj energy* fh« ®^ ®rla®iit®.l aix-foli and 
Flgurt 33* Soi^ arison ®f the ©xpei'laoatiil t@flip-®fmtM3Pe 
T«?iati©ii of th# aslsetropi- mmglm with 
that pr#il0t®i hf Z©n#r*a theojpy. 
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two-foli, iualsotropj energies are d®f.to©<l by th® following 
relations., 
l^ (f) » » (11.32) 
IgCT) « , (11.33) 
where K(f) ar© anisotropy eonstants at a tempera­
ture f given in fabl® 1, and S is th@ average angular BIO-
mmtvm per atoa also showa in fable 1» lot© that th© 
experimental results for the slx*fol<i .iinlsotropj energy 
agree v«ry well with E®n©r*s theory, whereas the ©xperi-
mental resiilts for the two-foli anisotropy i© not agre® 
m well, presimably hemm® of th® ©xist®ne® of a four-foli 
iyaisotropy energy which was .not taken into aeeomnt in th® 
«ol®$ular field theory. 
Th® faet that a and are temporature ieptndent ©an 
toe aceounted for £p.&litativ®ly by the te^ eratwe i«p©ndene© 
of the lattioe constants aM 0^ . Mot© that a change in 
affoots th# first and third nesycost neighbor interactions, 
1»®«, ^  , and that a ehang© in affects the intoraetion 
between second n®ar#st neighbors, and that is it affects a# 
fh© origin of th® ©norgy t®ra involving la not 
mieritood# Th© reason for introdaeing thia tern in th® 
energy expression was to explain th® «xp©ria®ntal aagneti-
zation curves -Mhlch w®r# obtained for dysproslOT in th© 
antiferroaagnetlc teaiporiitiire rang©.» One might b© abl© to 
attribute this term to th© ©ffeets of iiagii€ito#tpietionji 
althotagli an order of iiagnltmi© calculation shoMs tlmt It 
is likely to be too saall# Anstla&r possible explaaatiou 
is tliat t'te.© term .arises through qmadrapele - qmairu-
gol« coupling of ttoe atojas as iiseusaed by ¥an Fleck (51) • 
the slop© of i/^ g ZS»(Figure 19), th,© ef-
feetiTe of Boiii* mgnetoa® ©an b© fotmd fwom Icpa-
tion C6#8>* Mith the external aagaetie field parallel to 
the axis, a value of p^ |»f « 10»6I|- Bohi* m&gmtons is 
obtained, and witii tiie ®xt©rnal magnetic fieli perptndiou-
lai* to the e© axis, .|*©ff « 10*65 Bote* aagnetons. fli© 
iiff©renc# betweesa the®® two values is believed to b® 
within the e^ eriiaeatal ©Frors. , ffoabb (3), msing a poly* 
ei»ystalliiie sample of djsp^ oiium, finds that the sffeotiv®, 
raagnetic masmnt per atoa is approxiaatelj 10»6i|. Bolir loag-
aeton®. Eiese values ©ompare well with th© theo3*©tieal 
value of 10#63 laagnetons, liiiets, is obtained for th® . 
tripositive ion of iysppoiiiiii. From th# vain© of tli® 
satwation imgnetio moment at absolute sopo of 350»5 ©tg.s# 
units pep gram, which was obtain®<I in this investigation, 
th© ©ffeetive mmb&r of Bolir nagtietoa-s can be oalomlated, 
mid it'Is found to be 10»8I|, Bohr aagnetoas* 
It is also of soil# ittt#rest to perfora tlie average 
on the singl® orj-stal values of in to eoapsii*® tb© 
paraaagnatio €wi$ t®aip©pat«j*e which, was found for a single 
li|2 
©rjstal of dyspfosimia with that obtained from a, polyerys-
tallin# ®afflpl© of dysproaiua# Ffom Iqmation (11 •!!.), it 
oan b© seea that 
^ ik„ » ill.3k) 
Mil®!*© is th® av®x»&g« vala© ©2» polyex^ jstallin© value of 
til® paramagnetie Cwi© tesipei»at'ure» From Figure 19 the 
values 4// » 121®K aai ix- » are obtain©{|, and sub­
stituting these values Into equation CllfJil-), it is found 
that' « 153•'fhis is within several degrees of tii© 
paraaagnetio Curio t®i^ ®ratur© r®port#d hj fro^ ® (3) for 
dysproaiua, which is 1S7®I» 
Elliott, XiegVQld and Sp©<S<ilng (28) have reported the 
value 273 t 3 ©••g»s« units psr gram as the absolute satura­
tion aagaetie aoment per gram for iysprosiiai using low 
field data# This value ©aa be ooapared with th© absolut# 
saturation magnetie moment of 350»S ©•g»s* units p®r gram 
obtainsd in 'this study, if the assumption is fflado that 
th® angular aoaentua vestori remain perpeadioular to the 
Bq miB for small aagnetie fi©lis» teder this oomiition 
it eau b® shown that th® apparent abaolut# saturation 
magnet is moaeat will be m/Ii. tia®s the true valu®, and 
thorefor®,. (%/k)3$0S ® 275*3 o».g»s» units per graa, which 
is within the e^ cperlaeiital error of th« value reported-
by Elliott, BegvoM and Sptidiag (28)• 
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lho<l©s CS2)' has iiiTOstigiited th© magnetic properties 
of polyorjstallto® holiiim, and h® finds it to be similar 
to ^ ysproii'aa in that holaim exhibits both ferrofflag.n©tism 
ani antif#rroaaga®tlsa» H® reports a value of 293 ©•g*3. 
units per graif as th® saturation nagnetio moment 
at absolttti a®ro» Sia®e holaium is 'werj wieh lik® djspro-
siua, it is interesting to mak® th® aasu^ tion that in 
holmiuii, as in dysproslm, a large anisotropy ©nergy e&us®® 
th© angular fflomentum T«etor® to b® p®rp«nileulfir to th« 
Gq ajEis# From th© atoo¥©, on® ©an s@© that th® true satura­
tion Magnetie aoiient at absolute ss®ro wouM b® (V's|293 ® 
373 e«g«s« units per gram, whish is close to th© iralu© of 
369 0.g«s. units p@r graa whioh Ihodes i$Z) reports from 
th© paranagnetie data of holaiua. fherefore, a single 
erystal of holmium 'Should «xhibit an absolute saturation 
nagnetie aoawent ©f about ,373 ©•g»s» units p®r gram along 
an easy direetion of aagnetlzation. lote that this abso* 
lut© saturation iiagnetie moment would b@ about 7% larger 
than that of 'dysprosium# 
XII. SUIMAIT 
Siagl© erystala of ani djspro'sium were 
grotm hj the Brid^ an laethod, aad their n&gnetlo properties 
were measured from liquid h«ll«ia tea^ eratur© to rooa tea-
perature. 
leoiymiwa was to b® pararaagnetie from room ten-
peratur© down to If "X// •«<! are respeeti^ ely 
tlie molar ausotptibilities parallel and perpendieular to 
the Cq axis of the hexagonal struetur©, th# ®xp®riia®iital 
data for Modjr^ua ahow that above lltf'K X./ » 
and a  ^ below lliS^ K » 1~2S-
at  ^ li.»2'®K neodjmixm appears to be antlf#rro» 
T - 5 
magnetic, exhibiting a six-fol€ anisotropy in the basal 
plane in addition to an anisotropy of the type shown in 
the paramagn©tie range• 
fhe amgnetie aoaant of djsprosim w&a aemsured with 
the aagaetic field along three eryitalline dir©@tlons, 
th«s® diraetions being a <^ liao> , a 1^010?" ana a <.0001> 
direction# A <1120 > dir®etion is parallel to a line 
which passes 'through the ©©nt'srs of atoai'S itiieh »@ nearest 
neighbors in the basal plane, and a <1010> direetion, 
whleh is also in th« basal plane, makes an angl® of «/6 
with a •<1120'> direotioa# «bile & <0001> ia p^ arallel 
to th® ©Q axis* 
ili5 
Djsprosiua was fmmd to b© pa^ amagnetio abov© 178.5®E 
and aatiferponagnetie froa 8S®K to 178.5®I« Below 85®K 
It ,is ferroaagnetlc* Above 178.5®!* th© ®xpei»im©ntal 
susoeptibllities, as defined aboTe, mr® 'Xn ^  
and J^. * — . 'Th® satai»ation magnetie moment 
f • - 169 
determined froa the f©rroaagnfitio data for djsprosiiam is 
350*5 c.g»s# Tiinits psr graai, ^ ieh correspoads to m 
I 
effeatiTO magnetl© moment p©r atom, of 10»8l4. Bohr laagaetons. 
fhe ©ff©ctiw mgnetio laoaent per atom determined from 
the paraiaaignetio data is 10«6I|. Bohr magnetoas, whioh agrees 
well with th© theoretical valu® of 10.63 Bohr magnetons 
for J = 15/2. 
BeloM about 110®E, djsprositim aihibits a siss-fold 
aagnetic. anisotropj, whioh ittereases with deermsiing tern" 
porat-ure. fhe value of this auisotropy at absolute z&ro 
is 3,000 o©, and as a re-sult of th® six-fold aaisotropy, 
a <112-0> direotion is an e&gj direction of aagnstization, 
Mhil® the OQ, mis is a hai'd direetion of .Magnetization 
throughout th© tei^ eratiire raag© which was investigated* 
fhe anisotropy eoastant'assooiated with th® axis has 
a nagnitud® of 65,000 oe.. at absolute'zoro. fh# ©xperi-
mental toaperatmre d©p@nd®ne©s of th© twO' anisotropy 
energies agree well with Zaner's theory. 
In interpretation of tho ©xperimoatal roswlta of 
dysprosiiia is given in terms of th© moleeular fi®ld theory, 
llie struetur© of dysprosium is divided into two magnet io 
11|j6 
sublattiees, with, a strong fewoimgnetie eotapliag aastia®i 
between th# atoms of mj sn© of these two smblattie#a aai 
Mith a r®latlv«lf weak eompliag. ot th® atoms between the 
two smblatti©@s. 
llthough th© expei'iaeatal pesults were in good agree­
ment with th© predietions of the Moleoiilar fi#M theory 
for th© ferrooagnetio aad pftraaagaetla teaperature ranges, 
it was tieee@®ai»y to introaude a s©eon<i tera in the aompling 
b@tweea the two sublattiees, in order to obtain agr@e.a#iit 
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5,990 
7,900 
9,860 
ll,8ij.0 
13,830 
ill, 860 
15,8i|.0 
16,860 
17,900 
1.-282 
3tl|13 
it-. 203 
7.028 
8.721 
10.21 
11.66 
12i35 
13.23 
111-. 07 
ll|.* 8^  
120®! 
2,o5o 
3,990 
5,970 
7,920 
8,960 
9,880 
11»020 
11,860 
12,9i|-0 
13,830 
4,850 
15,820 
l6,86o 
17,890 
1.712 
3.11.82 
5.308 
7.156 
7.927 
8.690 
9.71A 
10*59 
11.60 
12.31|-
13.28 
ll|..31 
Ik. 92 
15.60 
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m m 6~„ g g 
<Q001> •parallel to H (iC3) (OontlnuM) 
170»K 17$*'S 
2,.020 Z,Sia 2,050 1,987 
3,91|0 k->^3k . 3,950 11-498 
5,900 7,01^9 5,920 6J57 
7,8I|0 9.339 7,850 9,28li, 
8,860 IO.I16 8,870 10.,29 
9,770 11.55 9,790 11,3" 
2,030 2.300 
'• l'950 • lj..3i}6 
5,920 6.797 
7,850 9.169 
8,870 10.|3 
9,760 11. m 
10,890 13.20 
11,720 li^..22 
12,800 15.11-8 
13,670 16.61 
1L690 17.73 
15,650 19.05 
16,660 20.1lj. 
17,690 21.30 
190®K 
5,920 , 6.585 
8,880 9.865 
11,750 12.99 
ll4.,730 16.18 
17,71|.0 19.10 
10,890 12.85 10,910 12.6 
11,730 13.82 ll,7i|.0 13% 75 
12,810 li|,.98 12,820 111-. 93 
13,680 16.11 13,700 16,01 
ll4.,700 17.25 111-, 700 17.25 
15,660 18.38 15,690 18,38 
16,690 19..58 16,700 19.51 
17,690 20.77 17,710 20.90 
177®X' . , ' 180®i: 
5,880 . 7.14.96, 
8,820. 11.08 
11,690 111-. 72 
" ,660 18.19 
1^: 660 21. Wl-
17k 
H cTg H cTg 
^Q001> parallel to H (302) 
mo^K ZZO^K 
5,990 l|-#385 
8,980 6.I|J69 
11,910 8.li82 
Ik, 930 10.528 
17,980 12.63i|. 
280®I 
5,910 6-..0I4.0 5,970 5%C^8 
8,860  ^ 8«926 8,960 7.512 
11,760 ll,.7aii. 11,860 9.823 
lk,7l|.0 ll|-.576 li|.,870 12^225 
17,810 17,I|55 17,910 ll|..68lj. 
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6,000 3.909 
9,010 5*637 
11,950 7.396 
11|.,980 9.200 
18,030 11.066 
29li.5*'E' 
6,030 3.336 6,0l|.0 3.028 
9,o5o l|..9il.o 9,050 L527 
11,990 6.l|.85 12,000 5*8i|-5 
15,020 8.079 15,01^ 0 7*14.09 
18,080 9.718 18,120 8,.92i|. 
m 
SatttPation magnetie moment p©r gr&m. of dyspx^ osim at f®i; 
Te^ . <roj'' 
ii..2 350.0 3i|5.7 
20.!+ 31+9.0 3IA.5 
35.0 3y.9 31+0.5 
50.0 337.6 33|.0 
60.0 330.9 327.1 
80.0 316.5 313.0 
85.0 312.8 309.5 
90.0 308.8 301+.0 
100.0 '300.3 296.0 
110.0 285.0 
120.0 Mk 272.0 
130.0 «W 255.0 
1^ 0.0 • 216.5 
i5o. 0 * 188.0 
160.0 . 156.0 
170.0 «• 83.0 
« 58.5 
175.0 « 1+8.2 
177.0 26.5 
%ata obtaiii®4 from Figure l5» 
D^ata obtained by extrapolation to H « 0» 
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G. Q-eneral Iquatioa for tli© i^ 'roe laergy with th® 
eternal Ifegnetie Fi®M Parallel to a <1010 > Direotion 
Here, the <p.©stioa as to whether ajoiy other solutions of 
the laoleeular field equation® h&t& a lower fr®® energy, when 
the external laagnatio field is parallel to a <1010^  direc­
tion, then th© solutions whleh exist for =» • 0^ * 
solutions for 0% ^  " 0^  found te Chapter X. 
The free energy ean fee wltten in the fellowing form 
F » - t»g^ g  ^eci  ^.43 12 ® CS^  S^ ) 4- —± ,5,, -!• »K, 
2 ^ 1  2' /  1 /  1 
l.ci^  + Kj^ Cs|j_eos6|rf^  + s|l_^ eos6^ g) 
CI5.I) 
At absolute zero » 3^  » J, and for other te^ eratures 
 ^!_ ean b® t&k&n to be equal '^ 0  ^^l p^roximately 
equal to "0^ , and therefore, « S2 * following 
angles aan.then be defined, 
0 ^ 0  1 2 
J - —^  . (15.3) 
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Pigiu?© 3i|. shows the relation of these .angles to 1, 3]L* 
0j^ and 02' M « 0, ® " ^ 2' 
vestigated in Chapter X# 
In term® of the aiigles m mi. 0, ths ©xpressioa for th® 
fr0« ©iiergy bt©oa®s 
• ? * - 2®g^ gS^ (a »/^QOB20 •^/^^&o»^g0 + |S»iiij^ co3# 
• 2K'^ms60mB6m) • (15«W 
faking th© derivatives of F with respect to 0 ani m and 
using th® following approximtions for small angles, i.e., 
sin^ '' «= 0, m&0 ~ 1 ani mitm u, Qosm  ^1, one obtains 
'th© following, 
 ^P 2H 
— = - 7zKxu = 0 , U5.S) 
 ^= |5 + 721^ ) = 0 . (1S.6) 
From Iquations Cl5»5) (lS»6), it eaa be seea that (a 
must be equal to s®ro slno-o if it is not ztro, th® tmj e<|ua-
tions do not in general have a eoramoa solution for every 
value of the external aagneti® field. 
With ca » 0, the seeoad derivative of F with respect to 
0 ia positive for .small values of H, thus showing that P is 
Flgtir© 3k* relation of tli© &mglm m and 0 to 0^ , 
02 m& th® amgaetl© fi©M, the fi©M 
btiag i,ip@©ted aloag the positiw x bxIb* 
179 
H IITO 
^[loTo] 
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a Klniaum-.. It can also h& shorn bj using the same laethoie  ^
as above that for tmall irmlmes &t 0-^  aM 0^ $ i*®** near 
satiipation, that m again mst b® aero# For iiit«i»«®d[iftte 
¥alu#® of 01 and 02, tli® .salo-ulatlon beeoats verj dlffiemlt 
beeause 6f th# t^ au,s©fiat®ntml nature of the ©qm&tions aai 
will not b© ©6PPi®d ©mt h®i*©. 
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B. SsTtral Functions aiid fhetr Fropertl#® 
In this appenilx th© graphs of s©T©ral f met ions i^ eh 
appear in th© dlsomssion of the ©arlier ©hapters are gi-ren# 
The Brillouin fmction which is defined by th© 
©quation, 
S sr .n^ Qoth^ -^- ~©otb-ix , (8*20) 
'^ .2 J 2J 23 23 
Is plotted in Pigiire 35 f©3P 3 « 15/2# 
In,Figure 36 th$ qmantity B/3 for 3 « i5/2 is plotted 
&a a function of 0* /^T, which is a solmtioji to 
S « S^/kf) , (11.23) 
Mher© |t « 
fransoendental Iquation Cll«23) ean b® solirei ©asilj by 
naking th@ substitution 
, (15.7) 
so that 
I , . • 
S « JB^ Cx)' (15.8) 
and 
f a fi )\Jl^ Cx)/ki: . (15.9) 
SI 
%e\ 
<n 
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CD 
Figor® 36* Ihe qmantitj %/S plotted •itgalnst fsr S « 15/2, as obtalaed 
hj solving Ispation l%1^23}* 
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-in 
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'low S and f are "both funotloiis of tiie par.am®t®r x# Values 
•of X are assm©d, and tfee e@i?p#fponilng values of S'aii<S f 
f 1*011 Ispatioas (15-# 8) an^  C3.5#9) sqI't® lqiaati©n Cll*23)* 
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1. ©isoussioa of Bcrors 
•From Squation It earn be mmn that th© probable 
error in the wm&Bwt&mBnt ©f th© magnetic aoaeat la given 
by 
(isao) 
1 E 
whtr© p w — # 
g «^ 
fb© ®stlitt&ted trror in m Is 0*1 per eent, oai from 
th® ealibratlon of the m&gmtg f was foimi to 'have an error 
of not tmvQ tbaa 0»3 per ©©at* Binm for neo^ ymiiJii th© 
iaagnetio foro#s rangei froa O'.Ol ga for higb teapsratures 
audi l©wfl@lis to 5 g® at low't©mp®ratiir#« ani high fields, 
the errors in tb@ jmgn®tlo f©r©@a emu b© ®stlaat©i to rang® 
from 3*0 p«r e®nt to Q*QZ p@r e«at# Using these talm®® in 
Equation {15.10)# tli© probable error in th« m&Mxa»@mnt of 
tb© mgnetie »mest is fo-und to rang© from a minlratta of 
0».22 per e®nt to a mximvm of 2#0 p®r cent* 
For dysproiliim the foreos ranged from 0*10 ^  to 15«0 
gm* Th& estiaat#d errors in tk« aagnotle f©ro«s are then 
foimdi to b© about 0*t per ®©nt« Using these values along 
with the-ones glfen tbOT© in Equation 115*10)1 on® finds 
that th© probable error in the magnetic aoaent is very oloa# 
to 0:«3 per sent. 
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®i« syst©«tie involved In th® Mieasiii»eia«iit of 
the Biagaetie field of the aagaet ai?© balieved to b® about 
1#0 pmw e©i4t» Sils Is smbstantlat^ d hj collaring the 
awrag© molsr Ciarl© oo»#tants fomd In this 'study for 
neodfffiltis with th# work ©f 1114ott.jf Legfolia and Spudding 
(3^ )» who us^ d^ the Qquj aetho4» , •!&«., sgr-eeaent of these 
eoastants 4s within !•£ per emfc# fh« random ©rrors 
in th# a®astare»eat .of th# imgneti© field are probablj 
less-than' Q-mS per e©iit, giving a ^ total • me®i»taiiity of 1*7 
per-eent in, the mmswtevmnt of tli© itsig»®tl« field# Hiore-
fore, probahl© ©wor la I (Iqmation 6»2) is a llttl© 
less than 1*2 pti* esmt I'inee the ©i»i»©i»s' in the vato© of II 
oaa be n®gl®otei in ooaparison with that of H* 
Bi® xmmT't&lntj in th® -raltae of the ©bsolmt© sat'iapa-
tion magnetic nomxit per gfas of dysproaim mn b© pmt at 
t 2 •e*g»»# imits per gram or <3"^  q « 350#5 t 2 e.g«s. waits 
per gram. 
fh® negatlf© slop® shorn hj tht amgaetiaation 
for dfsproaiiM in th© aatif#woiiag3a@ti0 tea|>®i'atui*e rang® 
iFlgm>m 9 aai 10) is bell®v#i to be omtsisi© of th© ©xperi-
M®ntal error, and therefor© a property of mterial. 
This behavior in the region of th© discontiauity is probably 
iu© to an mttabl® sitmatioa ©sused by the eoji^etition be­
tween the aatiferroaagaetio aM ferroaagaetie states* 'The 
angular aoatentua feetors in going from the antif©rr©amgn©tie 
3.89 
Stat© to the f®i»roamgaetl<i state amst pass through a region 
t r m  energy, snd aia©© th® theraal mmgj is am&ll 
Mom of the arivisg fore# amst be sui>plied bj the Magnetic 
emrgj0 
Burlng the ©te'sermtiesi ©n mj oa® isotherm.^  th® teai-
peratur® of the aaapi® was controlled to within t 0*i^ ®K of 
soa© neaa t®3i^ #ratiare, which tos taken t© be th« t©np®ratiir© 
of the isotherm. 
